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1 Introduction

In this work we consider hypersurfaces moving by their mean curvature in general Rieman-
nian manifolds. In particular, we focus on convex surfaces and examine their behaviour
in view of the question under which circumstances convexity is preserved.

Originally, mean curvature flow has been studied by Brakke [1] from the viewpoint of geo-
metric measure theory. Other authors have considered evolutionary surfaces of prescribed
mean curvature, such as Ecker [3] or Gerhardt [5]. This research was partly motivated
by practical reasons: A typical physical process which can be modelled by evolutionary
surfaces of prescribed mean curvature is the behaviour of grain boundaries when pure
metal is annealed.

Mean curvature flow of is a special case among a variety of more general deformation laws
for hypersurfaces. The general case is given by a one-parameter family F' : M x [0,7] —
(N, g) of hypersurfaces M; = F(-,t)(M) satisfying the initial value problem

oF
E(pat) = fl/(p,t), peMatE[OaT]a
FCO0)(M) = My, 1)
Here v(p, t) is a choice of unit normal at F'(p,t) and F'(-,0) a smooth isometric immersion
of M into N. Moreover, f is a homogeneous, symmetric functions f = f(k1,..., k)
of the principal curvatures kq,...,k, of M™ at p governing the velocity by which M, is
moved along its unit normal at p. In the special case of mean curvature flow one chooses
f to be the negative mean curvature, that is f = —H = =Y " | k;.

Other interesting choices of f yield the inverse mean curvature flow (f = (3.7, k;)™1),
the harmonic mean curvature (f = — (3.1, ;")) and the Gauss curvature flow (f =
—(K1 -+ Kkp)). Studying these flows is important in view of the various applications both
in differential geometry and mathematical physics such as general relativity. Techniques
both from differential geometry and the theory of partial differential equations are required
to deal with the topic.

Among the above flows, mean curvature flow has been most completely understood. This
is largely due to the fact that it can be expressed by a quasilinear parabolic system of
second order. One therefore has the possibility of applying parabolic techniques such as
the maximum principle, which is a powerful means to give global statements about the
flow.

In 1984, Huisken [7] has thoroughly discussed the mean curvature flow of closed (i.e.
compact without boundary) initial hypersurfaces My, which are smoothly immersed in
Euclidean space and are at least two-dimensional. Such a surface M is called uniformly
convez, if all eigenvalues of its second fundamental form are strictly positive everywhere.
We then write

hij > 0 everywhere on M. (2)

Basically, Huisken has shown that uniformly convex surfaces contract to single points in
a finite time interval while more and more taking the shape of a sphere. As an important
minor result of his work one obtains that convexity of the surface is preserved during the
flow - a topic we will particularly elaborate on in this paper.

Huisken extended his considerations to general Riemannian ambient spaces in his 1986
paper [8]. These results reveal a very direct interplay between the geometric properties
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of the underlying ambient space N and the behaviour of the evolving hypersurface M,.
In contrast to Euclidean ambient space, the preservation of convexity can not be taken
for granted anymore. Rather the notion of convexity has to be adapted to this setting,
taking into account bounds of the ambient curvature. To be precise, the initial surface
My now has to satisfy the condition

n2

Hhij > nKlgij + H

Lg;; everywhere on My, (3)
where —K; < 0 is a uniform lower bound for the sectional curvatures of N, and L > 0
is a bound for the gradient of the ambient Riemannian curvature tensor with |VR|? <
L2. Only a preservation of this “modified” convexity can be guaranteed in the general
Riemannian setting.

Our goal in the present paper is to discuss Huisken’s theorem concerning the preservation
of convexity as given in [8]. For this purpose we not only present its proof along with a
detailed introduction to the topic, but also discuss its rigidity by giving two examples.

The paper is therefore basically divided into two parts: In the first part we develop the
preliminary theory and afterwards prove the convexity theorem. Additionally we devote
an extra chapter to another result of [8]: The pinching of the principal curvatures. This
is an important statement on its own, which provides another very interesting piece of
information about the behaviour of the second fundamental form and thus has been chosen
to be included. As we are interested in the influence of the ambient curvature, we base
all considerations on the general Riemannian setting. In [8], however, this general case
occurs as a generalization of the Euclidean setting treated in [7], which is why much of
our work consists of discussing the details which Huisken has omitted in [8].

In the second part of the paper we deal with the question if the convexity theorem proved
in the first part might be improved. We give two examples suggesting that it is inevitable
to modify the notion of convexity in order to guarantee its preservation. Each of them
focusses on the respective occurrence of the additional term involving K; and L in (3).
In each case we choose ambient spaces with either K7 > 0 and L = 0 (first case) or
K; =0 and L > 0 (second case). Then we show that there can be constructed a smooth
initial hypersurface M, which is convex in the sense of (2), but which loses its convexity
immediately when moved by mean curvature flow.

In the first example we consider rotational 2-surfaces in three-dimensional hyperbolic
space, which has negative sectional curvature (K; > 0) but is locally symmetric (L = 0).
We construct a compact convex hypersurface without boundary losing convexity as soon
as moved by mean curvature flow.

In the second example we give a local description of a hypersurface which is convex at
least on a small domain but loses convexity when moved by mean curvature flow. For
this purpose we choose a family of distorted hyperspheres, the Berger-spheres, as ambient
spaces and use a graph approach to locally construct 2-submanifolds. We demonstrate
that in a neighbourhood around some point p we get the desired behaviour by suitably
fixing the first few members of the Taylor series of the graph function.

As a preparation for this we describe the Hopf map and the Lie group structure of the
3-sphere, both of which motivate the definition of Berger spheres. Moreover, we provide
several important facts from the theory of Lie groups.



The two examples strongly suggest that Huisken’s convexity theorem cannot be improved
and that both the bounds of the ambient curvature and its gradient have to be taken into
account, such that the preservation of (3) is basically the best one can expect.

1.1 Overview

In chapter 2 we briefly introduce the basic concepts of differential geometry focussed on
isometric immersions and the second fundamental form. Moreover we derive Simons’
identity for the Laplacian of h;;, a tool we later require for the derivation of evolution
equations.

In chapter 3 we give an introduction to the concept of mean curvature flow of hypersur-
faces in general Riemannian manifolds. We briefly discuss short-time existence and derive
several evolution equations of important quantities.

In chapter 4 we discuss the crucial theorem of [8] stating that the modified notion of
convexity (3) is preserved under mean curvature flow. We arrange the proof in such a
way that the reasons for this modification of convexity get revealed.

In chapter 5 we consider another aspect of the second fundamental form: We present
Huisken’s proof showing that the principal curvatures of the moving surface approach
each other - they get 'pinched’ in the end. In a certain sense this is an extra chapter; the
following chapters only refer to chapters 3 and 4.

In chapter 6 we discuss the question about possible improvements of the convexity theo-
rem. We use three-dimensional hyperbolic space as ambient space and construct a convex
rotational surface losing convexity in the sense of (2).

In chapter 7 we introduce the Berger spheres and its properties. We describe the Hopf
map and develop basic parts of Lie group theory. Using Berger spheres as ambient space
we finally give a local example of a convex hypersurface losing convexity.

In chapter 8 we give a few concluding remarks and interpretations.

1.2 Acknowledgements and remarks

I would like to mention that throughout this paper I have put great emphasis on moti-
vating the steps and methods used in the proofs. I did not shorten or compress Huisken’s
proofs. Rather I sometimes changed the order of the arguments, in cases where in my
opinion underlying ideas get revealed in a clearer way. Consequently I do not collect
auxiliary lemmas before proving a theorem, but in most cases I prove them at the very
spots they are required. However, if in certain cases the proof of an auxiliary fact would
interrupt the flow of arguments too much, I refer to the appendix, where the proof is
given in detail. In cases where a result just proved will be needed only later in the text,
I always give a reference about when and where it will be applied.

Finally I remark that I have decided to use the English language to write this thesis,
because the topic was suggested to me by Dr Ben Andrews at the Australian National
University in Canberra, Australia. At this spot I would like to thank him as well as
everyone else at the Department of Mathematics of the ANU for their hospitality and the
warm and friendly atmosphere at the institute. Moreover I want to thank Prof Huisken
for making my stay in Australia possible as well as his patience. Finally I would like to
thank my parents and Yvonne.



2 Basic differential geometrical notions and facts

This chapter provides fundamental definitions and rapidly introduces the reader to the
basic facts and notions of differential geometry. Although there is nothing really new for
those familiar with the material, one should carefully note which topics we pick out for
later purposes.

2.1 Riemannian manifolds

The basic mathematical objects we will work with are Riemannian manifolds of finite
dimension, that is sets which locally look like Euclidean space. Let (M, g) be such a
Riemannian manifold. The metric g determines the unique Levi-Civita connection V on
M, which is given by the Christoffel symbols. In terms of a coordinate frame {e;} they
are given by
1
k km
Lij =39 (€i(gjm) + €j(gim) — em(gij)) -
The connection makes possible to covariantly differentiate vector fields and tensor fields. A
vector field v = v'e; given in terms of a coordinate frame {e;} is covariantly differentiated
according to . . ‘
Vil = e;(v?) + Tk
Note that we assume the Einstein summation rule to hold, that is, we sum over repeated
indices.

By preserving the product rule the concept of covariant differentiation is naturally ex-
tended to arbitrary mixed tensors of the form 77" by

L1500 21: -in Ju Zl’ =138, 8415000 JST Lsenin

V (T]h 7]m) = e ]17 7]m E rs J1, “Jm ) +§ F]l T]l: S JI=158:J141 5 7]m

The notion of covariant derivative, in turn, gives rise to the concept of the Riemannian
curvature tensor R, which for vector fields X, Y, Z is defined by

R(X,Y)Z :=VxVyZ —VyVxZ + VixyZ.
Here R acts as a tensor of type (3,1). In a given coordinate frame {e;} we set
R(ei, ej)er = R;;"em and  g(R(e;, e5)er, em) = Rijmp, (4)

where the latter relation manifests R as a (4, 0)-tensor.

Furthermore, computing the definition of R(e;,e;j)e, by means of the Christoffel symbols
I}, one gets

Ry = ei(T5) — e (D) + T3y — T I (5)

2.2 Isometric immersions

In this section we describe isometric immersions as a way how a Riemannian manifold M
inherits the geometry of another ambient Riemannian manifold N of higher dimension.

Let (N, g) be an n+ 1-dimensional Riemannian manifold. Now let M be an n-dimensional
manifold (smoothly) immersed in N. In other words, we have a diffeomorphism F' :



M — N such that the linear mapping DF(p) : T,M — Tp) N given by the differential
DF : TM — TN is injective for all p € M. M is then called a hypersurface.

We want to endow M with some Riemannian metric such that M behaves geometrically
the same way as F'(M) does. To given vector fields X,Y € TF(M) C TN we therefore
assign a metric g by

9(0)(X(q9),Y(q) == 9(q)(X(q),Y(q)).

Thus the metric of M is determined by the geometry of N and the way F(M) is situated
in N, and M along with this induced metric g makes F' a (local) isometry. We then say
that M C N is a (smooth) isometric hypersurface immersion.

For reasons of simplicity we may identify M and F(M) as well as TM and TF(M) as far
as geometrical topics are regarded. In the following we will use this identification without
explicit mentioning. Moreover we use the convention that all geometric quantities referring
to N be indicated by a bar whereas those belonging to M look as usual (in analogy to g
and g). In particular we distinguish between the two connections V and V as well as the
curvature tensors R and R.

Apart from the intrinsic geometric quantities of M derived from the induced metric such
as V or R, the way how M is situated in N gives rise to another kind of geometric
information - the eztrinsic geometry, which is manifested by the second fundamental
form.

2.3 The second fundamental form

Let ' : M — N be a smooth isometric hypersurface immersion. Furthermore assume
M to be oriented. Around p € M we consider a so-called adapted frame ey, ..., e, which
consists of a local frame ey, ..., e, around p tangent to M and a choice of a unit normal
field ey = v of M (there are, of course, two possibilities, depending on the orientation of
M). As the derivative of the Gauss map, which takes M to the n-sphere, we consider
the Weingarten map A : T,M — T,M and its corresponding bilinear mapping h : T, M x
T,M — R at some point p € M. For our purposes we give the following

Definition 2.1. Let M C N be a smooth oriented isometric hypersurface immersion

and let v = e, ...,e, be a local adapted frame around p € M. The bilinear mapping
h:T,M xT,M — R given by the Weingarten equations
hij: = hlei(p), e;(p)) = G(Vemr(p), €;(p)
= —g(w), Veapei(p)) (6)

is called second fundamental form of M at p.

The Weingarten equations are a valuable means to compute h;;. However, in many
situations it is preferable to work with local coordinates instead of adapted frames. Then,
in order to carry out concrete computations, we need to know how (6) looks like in local
coordinates.

Let therefore z!,..., 2" be local coordinates of M around p and let 3°, ..., 4" be local
coordinates of N around ¢ := F(p). We compute h;; in terms of the coordinate vector

fields 5 5
BIS :DF(axZ), 1=1,...,n.
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We also write DF( aii) = gg. They are expressed in terms of the coordinate vector fields

9 a=0,...,n,of N by

aya Y
or _oF* 0
oxt  Oxt Oy’
where (2£7) is the Jacobi matrix of F. Similarly we write v = v a = for the unit normal.

Observe that latin summation indices run from 1 to n, whereas greek indices run from 0
to n, a convention we agree to use from now on.

We now express the first identity of (6) i

— — oF* 0 oF“ 0 o’ OF« 0
- o — = (B T T8 TP
Vaiiu V@ii a%a)y ((%i 8y°‘(y )+ I v F ) 57 (8:}0" + o7 F ) 8y5

0 OF® (0P OF“
_ \V4 _ = TP
hij = < Vaﬂ)_gaﬂé?xj (8xi+8 Lo >

On the other hand we have

- aFoz lmaFﬁ Im 1
gaﬁ%g ax_mhli =g gjmhli = 5jhlz‘ = hij-

We thus get

These two relations yield

Lemma 2.2. In terms of local coordinates the first version of the Weingarten equation
(6) takes the form
ﬁFﬁhli _ 3Vé n OF VTP

Jxt Ozt
In order to compute the second identity in (6), we observe that the tangent space T, N
can be decomposed into the direct sum of T, M and (T,M)* = span(v). Thus it follows

from g(v,v) =1 that
0 A
<1/ \Y% 2 8IJ) v = (Vaz;i 8xj) ;

where + denotes the orthogonal projection of a vector onto v with respect to g.

It is a well-known fact that the inner connection V of M derived from the induced metric
g can be recovered by projecting the ambient connection V onto the tangent bundle of
M along span(v). We thus have

1
(va i) v, % v, 9.
ozt 0 4

2t O

whence we derive from (6)

_ 9N\t _ o 9  OF_ oF8 9 0
. (Va—.) =Vo——Vo— V.o (——)—va—

827 Q) a7 O 27 01 O ox? OyP 227 Q1
OF® OFP _ o OF* 9 (O0F°\ 0 0
= . -V o + . . —V.o—
Ox' Oxd = QyPf Ozt Oy \ 0x7 ) OyP 227 Oxd

OF*0F° _ 0 N OPF7 09 _Fk(?F7 0
ozt dxi  Poyr T 0xidxI Oy 9 9xk Oy’

From v = zﬂa—7 it follows



Lemma 2.3. In terms of local coordinates the second version of the Weingarten equation
(6) takes the form

OF*OFF_  O°F" y OF7

v Oxt Oxi B Oxipxi Y Oxk

These two lemmas will be of importance when we derive evolution equations of geometrical
quantities.

For the second fundamental form h;; one can establish the two crucial identities relating
the geometries of M and N, the Gauss equation and the Codazzi equation. These relations
are well-known and cited without proof.

Lemma 2.4. Let v = ey, ..., e, be an adapted frame around p € M C N as above. In
terms of this frame the relation between the two curvature tensors R and R is given by
the Gauss equation

Rijiy = Rijig + hihjy — hahjy,.

In contrast to hypersurfaces in R”, the difference between two components of VA whose
indices are cyclicly permuted, depends on the curvature of the ambient manifold. This is
stated by the Codazzi equation.

Lemma 2.5. In terms of the frame of lemma 2.4 we have the relation
Vihij — Vihie = Rogj.

Both equations are fundamental tools occurring at many different places throughout this
text. In particular, an interesting consequence of the Codazzi equation is presented in the
next section.

2.4 An identity for the Laplacian of h;;

The Laplacian of a tensor 7' is defined by AT := ¢g*V,V,T. In particular, Ah;; =
gV Vihi;. By means of the Codazzi equation, Simons (see [14]) derived an expression
for Ah;; which does not involve any covariant derivatives of h;;. We are going to derive
it in this section. Later on, this identity will be invoked in order to establish evolution
equations.

A preliminary tool we need for the proof is to know how second covariant derivatives of
hi; commute.

Lemma 2.6. Let M C N be a smooth isometric hypersurface immersion as above. In
terms of a local frame ey, . .. e, € T'M around p € M the commutation of second covariant
derivatives of h;; is given by

ViVihi; = ViVihi; = hin By"; + him Ry

Proof. Since the identity is of tensorial nature, we may assume {e;} to be a normal coor-
dinate frame. Then all Christoffel symbols vanish and we get

Vkvlhij = ek(el(hij)> - ek(rﬁ)hmj - €k(FZ})him,



as well as

Vkvlhij - Vlehij = GZ(FZE)hm]‘ - Gk( lrf)hm] + el(I’Zg)hlm — €k(FZL)hzm
= hmi Ry + him By,
according to (5). O

Similar as above, for the following calculations it is handy to choose convenient coordinates
to work with. This is possible since all considerations are pointwise. At p € M we choose

local coordinates z',...,2" of M such that g;; = d;; at p and we consider the frame

€0, €1, - . .,6En, Where ey = v denotes a choice of the unit normal and e; = %, e Cp = a%.

Lemma 2.7. In an arbitrary adapted frame we have the relation
?ZROijk - VIROijk = _hlmRWZL‘jk + hljROiOk + hlkROijO-

Proof. This is a tensorial identity and we may use the frame e, ..., e, from above. Then

V..eo = I'feq and g;; = 6;5, and it follows from the Weingarten equation
hij = §(Vev,¢5) = §(Veeo, ¢5) = Tipdry = Ty
Moreover we derive from |v| =1

— — 1
F?O = g(VSiyv V) = §€i<§(y, V)) =0.

Moreover we have ffj = Ffj for i,j,k € {1,...,n}, which can be seen by

Ffjek =Vee; = (Vee;) =Vee; —g(Veej,v)r =Theq — ey = Ik

Now we have to distinguish two ways of thinking of Roiji- On the one hand it is a
component of the (4,0)-tensor R on N. The covariant derivative V of R as a (4, 0)-tensor
then looks like

ViRoiji = e Roigi) — TjoReijr — Ti Rogj — T Roier, — Ty Rosge,

where we already have inserted the correct indices. On the other hand, restricted on M,
Roiji is a (3,0)-tensor in the last three indices with the covariant derivative

V. Roiji = ei(Roiji) — I} Romgji — F{;"Rom — T Roijm.
Thus

ViRoiji, — ViRoiji = _f‘léoégijk — I Rooji — f%ROiOk — I Roijo
= —hum R, + hij Roior + har Roijo
since hy; = —TY;. O
Let us now consider the term V;V;h;;. Our goal is to gradually swap the first pair of
indices with the second. We will proceed in three steps: Applying the Codazzi equation

(lemma 2.5) we get

ViVihij = Vi Vihy + vszOz’jl-
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The next step is to commute the second covariant derivatives by lemma 2.6, which yields
ViVihi; = ViVihi + Ry + him R" ) + Vi Roiji-
Finally we invoke the Codazzi equation once more, whence
ViVihij = V;Vihy + YV Roix + ViR + Pt Ry i + him R™ -

Notice that the second and the third term of the right hand side are V R-terms which can
be turned into V R-terms by lemma 2.7. Moreover, the R-terms occurring in the two last
terms can be transformed into R-terms by lemma 2.4. Altogether this yields

ViVihy = VYVl + V;Rour + ViRoiji
- hinOIOk - hij(JliO + hm; R,
— hjrRoior — hurRoijo + hani R,
+ T Ry + hni R
+ him ] i — B hig + BB Page — B T (7)
Remark 2.8. For tensors S and T of the same type on M we denote the scalar product
with respect to g by (S,T). For example let S and T be of type (2,0) with components

S;; and Tj;, respectively. Then (S,T) = (S;;,T;;) = ¢*¢?'S;;Tiy. Furthermore, |S;;|> =
(Sij, Si;) and, in particular, the total curvature is denoted by |A[*=|h;;|*.

Now it is straightforward to prove the following

Lemma 2.9. Let M C N be an isometric hypersurface immersion of Riemannian mani-
folds. The Laplacian of the second fundamental form then satisfies the identity

Ahi; = ViV;H + Hhghiy — |Ahij + H Roio;
— hijRoo' + bR " + ha R ™ — 2 R

+V;Ry,' + vZROUI (8)
with respect to an arbitrary adapted frame v = eqg,eq,..., €, of M.

Proof. This equation is simply the contraction of (7) by ¢'*. Note that g and the covariant
derivate can be interchanged arbitrarily according to the fact that g is parallel, i.e. Vg = 0.
O

Remark 2.10. Note that the above identity recoveres Ah;; of the immersed hypersurface
M by means of h;;, R, VR and the second derivative of H. It simplifies considerably in
Euclidean space as all the terms involving ambient curvature vanish.

We will later need a direct consequence of (8):

Corollary 2.11. We have

1
§A|A|2 (hij, ViV H) + |Vihig)* — [A|* + HhV hyhl

HhinOin - ’A|2R0101 + thjhlelmim — 207 hyy R ZW;

WV Ry + ViRy,;'). (9)

11



Proof. A straightforward calculation yields
A|AP? = 207 Ah; + 2|V ihis|?.
This and the inner multiplication of (8) by h;; proves the assertion. ]

Lemma 2.9 and its corollary are essential relations we will need later. We are now ready
to introduce the main topic all our considerations are based upon: the mean curvature
flow.

12



3 Mean curvature flow and geometric evolution equa-
tions

Roughly speaking, by mean curvature flow one denotes the motion of an isometrically
immersed hypersurface My C N along its unit normal field with the velocity varying from
point to point, equalling its mean curvature at each point. This is an initial value problem,
whose solution - if existing - depends on the nature of M. The motion of the surface, in
turn, impacts the evolution of the mean curvature as well as other geometrical quantities
according to the corresponding geometric evolution equations. As already mentioned in the
introduction, one usually starts with an initial hypersurface and considers its behaviour
under mean curvature flow.

In the present chapter we first introduce the notion of mean curvature flow. Then we
explain how it can be rewritten as a quasilinear parabolic system of partial differential
equations and briefly discuss the (short-time) existence of solutions. As direct implications
we afterwards derive evolution equations for several geometrical quantities, especially
aiming to the evolution of the second fundamental form.

3.1 Mean curvature flow

Let n > 2. We start by considering a smooth initial hypersurface M, of dimension n
which is isometrically immersed in an (n+ 1)-dimensional Riemannian manifold N by the
mapping

Fo: M — N.

Suppose that Fy may be extended to a mapping
F:Mx[0, T[N, 0<T <o,

with F'(-,0) = Fy. Suppose further that each F(-,t), 0 <t < T be an isometric immersion
of M. Consequently, the metric g and all other geometric quantities of M depend on ¢. If
we consider ¢ as a time parameter, we interpret the family {M, = F(-,t)(M),t € [0,T[}
as the evolution of the initial surface M, during the time interval [0, T].

The evolution of My can be subjected to certain rules of motion. Let ¢ € [0,7] and
p € M,;. Let v(-,t) be a local unit normal field of M; around p. We then define:

Definition 3.1. The mapping F' defined above describes an evolution of the initial hy-
persurface M, according to the mean curvature flow if it satisfies the evolution equation

%F(p, t)=—H(p,t)v(p,t) forallpe M andte [0,T] (10)

with the initial condition
F(', O) == F[).
Here H(p,t) denotes the mean curvature H = g“h;; at (p,t).

Remark 3.2. The negative sign in (10) stems from the fact that for oriented closed
surfaces without boundary and with strictly positive mean curvature such as the sphere
we usually choose v to be the outer unit normal. In this case the negative sign makes the
surface shrink and not expand.

13



We need a reformulation of (10) to concretely work with. For this purpose we choose local

coordinates y = (y°,...,y") of N around F(p,t) and local coordinates z = (z',... 2")
around (p,t). Suppose that m«“_ta and v denote the respective coefficients of the local
representations of DF(2) = 2° and v, given by the relations
0 0 OF* 0
= o d DF _ - D t ,t .
YTV Gy M (8t) o o Ml
Then (10) decomposes into the n + 1 components
oF®
oy =—-Hv* fora=1,...,n+1. (11)

This local version, in turn, allows to be rewritten by means of lemma 2.3, such that in
local coordinates it follows from (11) that we have at (p,t)

OF* . (OFTOF, QP OF°
ot 9NV T 9\ o0 0ni P T driows U ok
Y2 T
= A+ gY (axi ﬁrﬂv)’ (12)

where

0zt 0 9 Ok
It is worth noting that the F'® are local real-valued functions M x [0, T[— R around (p, t)
defined by

. - 2 e Fe
AP =gV, V,F* = g¥ ( 0 r* 0 ) .

F(p,t)ea = y(F(p,1)).
Here {e,} denotes the standard basis of R"*! whereas y is the local diffeomorphism
N — R™"! corresponding to the coordinate frame {%}.

Thus (12) shows that locally the mean curvature flow equation takes the form of a
parabolic system of second order, which is quasilinear since it is linear with coefficients
depending on F'“ and %%.

Up to now we have assumed that F satisfy (10) for a given initial surface My. This, of
course, does not imply that such a mapping F' actually exists for any given M. However,
for the case that My is smooth, we have the following theorem which we cite from [8].

Theorem 3.3. For any given smooth initial hypersurface My which is isometrically im-
mersed in an ambient Riemannian manifold N we have a smooth solution F' satisfying
(10) at least on some short time interval [0,T[, 0 < T < oo.

Remark 3.4. We refer to [6] for further details. Note that the linearization of (12) reveals
that the system is only weakly parabolic. This is due to solutions which do not actually
move the surface while only describing a family of different parametrizations of the same
surface (tangential movements). One therefore has to decompose all possible solutions
into their tangential and normal movements and then comprise all those with the same
normal movement in one equivalence class. Concerning this quotient space of solutions
the equation gets strictly parabolic, which finally implies the short-time existence.

From now on let us assume the initial surface My to be smooth. We then denote by [0, T,
T < 00, the maximum time interval on which the mean curvature flow solution exists.

The mean curvature flow is reflected by the change of the geometric quantities of M,.
Their evolution, in turn, can be derived by means of the mean curvature flow equation,
which is the purpose of the next section.
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3.2 Evolution equations of some geometric quantities

Our aim is basically to understand how the geometry of the initial surface M, changes
while moving by mean curvature flow. We are interested in any kind of information about
both intrinsic quantities such as the metric and extrinsic quantities such as the second
fundamental form, the mean curvature or the unit normal.

In particular we will consider how these quantities change locally while the flow goes on,
in order to draw conclusions about the global development of the shape of the moving
hypersurface. This is the reason why it is necessary to derive evolution equations, or
'time derivatives’, for the quantities in question. Since the mean curvature flow equation
describes the evolution of M; (and thus its intrinsic geometry) by means of extrinsic
quantities (mean curvature and unit normal), it accordingly will turn out that the time
derivative of intrinsic quantities will depend on extrinsic quantities as well.

Evolution equations are manifestations of the mean curvature flow equation in many
different situations. They provide the basic key to successfully examine the properties of
the moving surface. As the various evolution equations inherit the parabolic nature of the
mean curvature flow equation, one hopes to be able to apply techniques from the theory
of parabolic PDE, which will be of crucial importance in chapter 4. In the present section
we mainly derive the evolution equation of the metric and the unit normal, whereas the
following section deals with the evolution of the second fundamental form h;;, implying
several evolution equations of quantities related to h;;.

Suppose as above that we have a maximal solution F': M x [0,7[— N for the mean cur-
vature flow of a given smooth initial surface My C N, yielding the family of hypersurfaces

{M,,t €0, T[}.
Observe that for a chart (U,z) of M around p € M we have the coordinate vector fields

0 0 and 0
—...,— and —
orl’ 7 Oxn ot
at our disposal. The 8?& may be identified with their images under the differential DF

due to the fact that F'(-,¢) is an isometry for each ¢ € [0,7[. However, it is important
to understand how the image of % should be interpreted. Observe that for a real-valued
function f € C*(N) it is determined by the fact that I satisfies the mean curvature
equation, that is

DF <%) (f)=—HD,f. (13)

In other words, if we want to know how f changes in time at a fixed point (p,t) €
M x [0,T], we switch to the immersion point of view, take F(p,t) € N instead and
consider the change of f in direction of —Hwv. The same holds for smooth functions f on
M, provided that H # 0. Then f can be considered as a smooth function on N at least
in a small time neighbourhood.

Of course the same works for smooth tensor fields on N. As an example we get % g=0,
which is due to Vg = 0 and
0

59 = ~HV.,g=-H(Vg)(v) =0.

We will use this fact in the following calculations without mentioning.

We now consider the metric.
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Lemma 3.5. Let (p,t) € M x [0, T[. The evolution of the metric g of My at p is given by

0

—gii = —2Hh;;
ot 94

YR
Proof. Since this identity is of tensorial nature, we may arbitrarily choose the coordinates
we use for the calculation - both for M; and N.

Around p we therefore choose coordinates x', ..., 2™ such that at ¢ := F(p,t) the induced
metric is orthonormal, i.e.

oF oF
] = g e s N — 6@ .
55 =1 (Gl @) =,
Moreover, by starting geodesics at p in the directions gF ey g I and v we obtain normal
coordinates y® such that v = —§§ and 2= = 6% at F(p,t). Then all [ vanish at ¢
and the Weingarten equation of lemma 2.3 takes the form
ovP oF”
ox? s (14)

Note that tangential vectors of M; may be thought of in two ways. On the one hand they
are derivations operating on smooth functions defined on M. On the other hand, in view of
the fact that M, is immersed in N, they can be locally extended to derivations operating
on smooth functions on N. Then they may be represented as linear combinations of
tangential vectors of N, whose coefficients are smooth functions on M. These two points
of view both occur in the calculations below.

Due to I'¥, = 0 at F(p,t), we have at (p,t)

0.0 (08 OF\_ (C OF or\ (oF o oF

0t7 T oI\ ori ori ) T I\ VS or o) TI\ow Y F o )
Moreover,

or or oF\  _ a_F OFP\ 0 OF _ 8 OFP\ 0 OF

S ori o0 ) I\ ot \oxi ) oy o) ~Y ot ) 9y O

oF 0 OF o o OF OH OF
_ = _ By~ - ) — _ - =
B g(axi( Hy )83/5’81:1) Hy ((‘%z oyB’ 8%) (”m“a:a)

[ 9F8 9 OF l
—Hg (hilWa_yﬁa @) = —Hhyo;.

Note that in the second last identity we took advantage of the special form of our coor-
dinates as well as the Weingarten equation (14).

A similar calculation for the second summand yields %gzj = —Hhyds — Hhd, = —2Hh;;.
U

Another object of interest is the unit normal v.

Lemma 3.6. Let (p,t) € M x [0,T]. The evolution of the unit normal v of M, at p is

given by
21/ = VH.
ot
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Proof. First observe that %U and v are orthogonal due to

(o N\ 1o
g(ayay) _ia (V7V)_07

since g(v,v) = 1. Thus %V € Tr@p M. Then, if we choose coordinates at p such that
gi; = 0,5, due to a well-known fact from linear algebra we have

0 OF)\ OF
_V = Zg ( v, > 8$Z
8F

Since v and g are orthogonal, we obtain by the product rule that the above term is
equal to

([ 9 OF\ OF P
_Z;g(”’&axi) axi_z;(”’az )8.75’ 895’ &cl_ V.

In the second equality we once more have invoked the mean curvature flow equality. [

With this knowledge about the behaviour of g and v, we are now ready to derive the
evolution equation of the quantity we are mainly interested in, the second fundamental
form.

3.3 The evolution of the second fundamental form

As we will see, convexity is a geometrical property directly related to the second funda-
mental form. In order to study the behaviour of convexity under mean curvature flow it
is therefore of special interest to know how the second fundamental form evolves.

Again the idea consists of simplifying the calculations by choosing normal coordinates
y°, ..., y" around a fixed point ¢ = F(t,p) € N. We are allowed to do that since we carry
out the calculations only at ¢ and since it will turn out that suitable manipulations will
reduce all terms involved to tensorial expressions.

We then look at the definition of h;; given by the second version of the Weingarten
equation 2.3. If we inner multiply 2.3 by v with respect to g, we get

[ F _ amp OFYOF?

v) =0.

If we differentiate the second term of the right hand side by the product rule, due to
our choice of normal coordinates the only remaining term will be the one involving the
derivative of Ffé. We get

since g(v,v) = 1 and g( 25

oxk

) o ( O°F L0 [ag\ OFOF
Ehij ot (8mi0xj7y) — JeB” 5 <F75) O’ i
o ( O°F 0 (g OFOF?
- <axiaxw”) + Hgar™ 5 = (M) 5o 5 (16)

where the second identity follows from equation (13).
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By the product rule for inner products, equation (13) and lemma 3.6 along with the
expression of the gradient given by

aH OF

H =
Vv ox’ 97 Oz’

we obtain from (16) the relation

) A [ PF 0 ., OF
gt = (ax@:ﬂ(}!y) )_g(axiaxa"%@ ax_m)

_ LJOFY JOF° 0 /.4
+HGasv ozt D oy™ (F )

(17)

Furthermore, by g <V o U, 1/> =3 812@(1/ v) = 0 and the product rule we derive for the
first term of the right hand side of the above identity

A o2 A
g(axiaxa‘(ﬂ”>’”) = gwow " THI (axiaxj”’”)’ (18)

whereas it follows from the Weingarten equations, the product rule and flﬁ = 0 that

Ay N OF\ 0 (-3 0F 0
Ho (axiaa:j v V) - (% (hﬂg 6‘xm> o (Féf dul 8_y5> ’V>
O*F OF" 0 [-3\ OF°
_ ~Im B - YL Y 1o] D e
= Hg (hjlg o1 O m’V) Hgaﬁ oxt ay (F(ST) o v

= —HE"hiy — Jﬂfgaﬁ%lmaa (’ﬁ)apS

Note that in the first identity we have used the first version of the Weingarten equations
(lemma 2.2) and in the last equation we have employed the second version (lemma 2.3).
In both relations we also have taken advantage of the fact that v is orthogonal to

l .

On the other hand, we compute for the second term of the right hand side of (17 ) b
means of lemma (2.3)

(PPF 9, OF\ OF o ., OF
9(—axiaxw@H9 a_m) g(rwak hijt: g1 a_m>

oF 0 OF ) P
k Im 7\ _ 1k v Im k O
(sza k’ 8.’El g 6$m) F”gkm o Hg Fwa H. (20)
Altogether it follows from (17), (18), (19), and (20)
0 0?2 B
5 hij BT i 5k h
- _OF7 a8F5 d (=p 0 (s
+Hga57/ or 14 O [E)yT <F’Y§> — 8_y'7 (FT§):|
LOF7 8F5 5

= H — HR} Hg —_—
ViV; R hpy, + gagy 8IV 907 o
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Note that in the second last step we have invoked the definition (4) of Ra[] s simplified
by use of normal coordinates.

This is already a short, nice evolution equation. We may, however, improve its structure
towards the parabolic shape we want it to take. For this purpose observe that the terms
of the right hand side occur in the identity (8) for Ah;;, which we have derived in chapter
2.4. By taking advantage of this identity we get the following

Theorem 3.7. Let (p,t) € M x [0,T[. The evolution of the second fundamental form h;;
at p is given by

0

il = Ahyg = 2HD hi + |A|Phij + hij Ry’

_hlelmz‘m - hillejm + thle zmg - ?jROZil - ?léom‘l
with respect to an arbitrary adapted frame v = ey, ..., e, of M; around F(p,t).

Remark 3.8. The parabolic structure of this tensorial evolution equation is particularly
useful, since we will be able to adapt techniques from the theory of “ordinary” parabolic
partial differential equations such as the maximum principle in order to to give statements
about its global behaviour.

Remark 3.9. It is important to realize which quantities contribute to the way h;; changes:
Apart from the Laplacian of h;; there are terms involving the ambient curvature R as well
as gradients of R. Thus, as we will see in the next chapter, both R and its gradient might
work against the preservation of convexity. As we already have announced it is inevitable
to control both quantities in order to preserve convexity under mean curvature flow in
general Riemannian manifolds.

As a straightforward consequence of the above theorem we get the evolution equation for
the mean curvature H by simply contracting (21).

Corollary 3.10. The mean curvature satisfies the evolution equation

) _
aH = AH + H(|AP + Rozol)~
Proof. The result follows from (21) and the relation
0 o .. 0 0
—H:hl— K Zj—hi':2HA2 Zj—hl",
ot o T g AP 97 5

where in the last equality we have used
o0 .. L0 .
— ¢ = —g' " — gy = 2HRY.
ot 99 atguc
O

This is a parapolic PDE, too. As the movement is governed by mean curvature, this
equation is of special importance. For instance, the Ricci curvature term R’ directly
impacts the changing rate of H and thus the flow. It will be this very equation which we
exploit in the next chapter to gain more information about the maximum time interval
[=, T of the flow.

Another consequence we need later is the evolution of the total curvature |A]? = hg h;
We get this by using the product rule.
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Corollary 3.11. The total curvature |A]* evolves according to
0 _ . _ | _
5 AP = AJAP = 2VAP + 2/ AP(AP + Rog') — 4(hRT Ry = BB Riiy)
—2hi;(V R, + leOijl)'

We are now well prepared to turn our interest to convex initial surfaces My. In particu-
lar, the next chapter shows under which circumstances it can be guaranteed that initial
convexity - in an appropriately broader sense - is preserved during the flow.
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4 Evolving hypersurfaces and convexity

In this chapter we present the main theorem of this paper. It basically states that a
suitably broadened notion of convexity of a closed (i.e. compact and boundary-free) initial
surface My C N is preserved under mean curvature flow, provided that the curvature of
N and its gradient are suitably bounded. This is one of the central results of [8]. During
its proof, the interplay between the geometric properties of the ambient space N and the
evolving hypersurface M; will get clear.

At this stage one of the important features of mean curvature flow can be exploited -
its parabolic structure and thus the possibility of applying maximum principles. Before
proving the main theorem, we employ the parabolic maximum principle to demonstrate
that for such closed initial surfaces with H sufficiently large a bounded solution of mean
curvature flow can only exist on a finite time interval [0,7T[, T < oo, if the sectional
curvature of N is bounded from below. Subsequently we extend the maximum principle
to symmetric tensor fields with the aim of applying it to the evolution equation of the
second fundamental form. This extension of the maximum principle is at the very core
of the convexity theorem, and we will gradually build the proof around it, revealing the
connections step by step.

We begin with the definition of convexity.

Let M C N be an isometric hypersurface immersion. Furthermore let h;; be the second
fundamental form of M. Note that since h;; is a symmetric tensor, there is always an
orthonormal basis {v;} of T, M in terms of which h;; = diag(k1, ..., k,), where &; is called
the ith principal curvature of M at p. We define:

Definition 4.1. A hypersurface M C N is called convez, if all principal curvatures x; are
nonnegative on the whole of M, or, equivalently, if h;; is positive semidefinite everywhere
on M. We then agree to write h;; > 0 if h;;u'0? > 0 for every vector v = {v'}. Similarly,
convexity is said to be strict, if h;; > 0.

Remark 4.2. Sometimes the above property is referred to as locally convexr. We will,
however, keep the above definition, since confusions are ruled out.

From now on we will restrict our considerations to closed smooth initial hypersurfaces
My C N. Recall that N is an arbitrary Riemannian manifold of dimension n + 1, n > 2.
Recall also that we denote by [0,T[, T < oo, the maximum time interval on which the
solution exists.

4.1 Maximum principle and mean curvature

The common parabolic maximum principle in R™ holds on manifolds as well. We cite a
special version.

Lemma 4.3. Let M be a compact n-dimensional Riemannian manifold without boundary.
Let T < oo and f: M x [0,T] = R be a smooth function with

) ) |
. < 'L_ (3 o0 .
G SAFHVSf b e 0P (M x [0,7))

Then max f < max f.
Mx[0,T] Mx{0}
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Likewise, if

0 e, ;
> 7 (2 o)
i f ZAfHV o f Ve 0N (M x [0,T)),
o
e have i S 2 i, f

Remark 4.4. In particular we will need the second statement of this lemma.

We want to apply the maximum principle to the evolution equation for the mean curvature

0 _

&H = AH + H(JA]” + Ryy)

in order to show that the minimum of H is attained on the initial hypersurface M,. Let
us assume H > 0 on M,.

We first note that |A|*> > H?/n, whence we have

0 1 _
aHZAH+H%H%Jwﬁ. (22)
Clearly, the second part of the above lemma immediately applies if we demand that the

term H (= H? + Ry,') be nonnegative.

We now consequently impose the first obstructions upon My and the geometry of N. Let
us assume that the sectional curvature of N be bounded from below by —K; everywhere
in N, K; > 0. Then it follows Rmol > —nkK;. This is clear since v has unit length and
traces are independent of the frame. Accordingly, we have to ensure that on M, the mean
curvature is large enough by assuming H?/n > nK; on M.

Remark 4.5. Observe that this condition does not depend on the choice of the unit
normal on M,. Above, however, we have assumed that H > 0 on M,. For reasons of
simplicity we will keep this assumption, whence it follows that we have H > nK 11 2 on

M.

By a little extra argument it now already follows that miny, H = Hyin(0) < H as long

as the solution exists. For since we have demanded H?/n > nkKj, there is some € > 0
such that H > nK 11 24 ¢con My, since M, is compact. The maximum principle applies as
long as H > nKll/Q. If there was some first time ¢y > 0 such that H < nKll/Q, we would
have H > nKll/ ? for all time intervals [0,t0 — d], § > 0. Then the maximum principle
applies on these intervals, yielding that minM(tW&) H > Hpin(0) > nKll/ 2 4 2. We thus

get a contradiction to the continuity of H.

We can gain even more information about H. Observe that in view of H?/n > nkK; on
My, there is some ¢ > 0 such that

H? > n?K; +né*H?* on M,.

Similar as above, the maximum principle guarantees that this relation holds as long as
the solution exists. Due to Ry, > —nkK; it thus follows from (22)

0
—H> 3,
atH >AH+0H
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This relation can have a bounded solution only on a finite time interval, as we see now.
Let ¢ be the solution of the ordinary differential equation

0
5% = 0H®, (0) = Huin(0) > nK;"”,
If we consider ¢ as a function on M x [0, T[, we have Ay = 0 and thus
0

5 (H—0) = AH —p) + S(H® — ¢%).

A similar extra argument as above yields that the maximum principle applies, showing
H > ¢ on [0,T]. The function ¢ may now be explicitly determined. In fact it is given by

Hmin(o)
V/1—20H2

min

p(t) =

(0) -
which tends to co as we let ¢ — %5_1[-[;1211(0). The mean curvature thus gets unbounded
at this time at the latest.

This is a first crucial global result about the evolving surface: In the case that the sectional
curvatures of N are bounded from below by —K; and if we have H? > n?K; on M, an
existing solution can only admit bounded mean curvature on a finite time interval [0, 77,
T < 0.

What, however, will happen to the shape of M; as t — T? For this purpose we have to
study the secand fundamental form by means of a suitable maximum principle.

4.2 A maximum principle for tensors

Clearly, all information about convexity, which is determined by h;;, must be buried in
its evolution equation stated in lemma 3.7. As we have mentioned already, the parabolic
structure of this equation suggests to apply an adaptation of the maximum principle to
tensorial equations.

How could we accomplish such an adaptation? Recall that the crucial step in the proof
of the ordinary parabolic maximum principle is to derive a contradiction based on the
assumption that the maximum (or minimun) be attained in the interior of the domain.
In particular, if we consider some smooth function f with

9, p 0 : n
af>Af+b % HIUSZ]O,T[XQ, QcR ,
we get the contradiction by assuming the existence of a local minimum of f in U.

This idea is extended to tensorial equations in the proof of the following theorem, which
is a slight variant of theorem 9.1 in [6].

In the sequel all tensor (and vector) fields are smooth.

Theorem 4.6. Let M be a compact Riemannian manifold whose metric g;; depends on
the time t, for t € [0,T[, T < oco. Furthermore let T and S be smooth time-dependent
symmetric tensor fields on M with components T;; and S;j, respectively, satisfying the
relation 5

57 T = ATy + V"ViTy + 9y (23)
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everywhere on M for all0 <t <T.

Let ® be a mapping from the set of (2,0)-tensors onto itself such that S = ®(T). Suppose
that ® has the following properties: For anyn > 0 and e > 0 there is some 0 < C(n) < oo
such that |Si; — Si;| < C(n)e with Ty; = Ti; + egij and S := ®(T) on the whole interval
0,7 — n] and everywhere on M (continuity condition). Moreover, for all 0 < e < &y,
suppose that if v = {v'} is a null-eigenvector of T, that is, f}jvivj =0 and v # 0, we then
have gijvivj > 0 (null-eigenvector condition,).

Then, if T;; > 0 (in the sense of definition 4.1) for t =0, it remains so for all0 <t < T.

Note that we have AT;; = ¢ leVlT and the covariant derivative is to be taken in the
tensorial sense.

Remark 4.7. In contrast to the strict inequality above, we only demand a weak inequality
here. Moreover, we allow for an extra summand 5;;. The major part of the technical work
in the proof consists of treating these two generalizations. The continuity condition and
the null-eigenvector condition are required to make S;; controllable at the crucial steps of
the proof.

Proof. Let n > 0 and € > 0. We define
Tz’j =Ty +<(0 +1)gi;.

We assert that Tij > (0 for all 0 <t <T —n. We prove this by showing it for the interval
[0, 6] for some § > 0 to be chosen. Then we repeat the argument finitely many times to
eventually cover the whole interval [0,7 — 7).

We have 5 8 8
Since M and the interval [0,T — n] are compact and g;; is smooth, |-2g;;| is bounded on
M x [0, T — n] and we may choose ¢ > 0 so small such that for all £ > 0

8 6 —T1;; + 18
ot By 2 82& g &
for all £ € [0,d]. Let us suppose for the moment that S;; = 0. By assumption we then
have
8 8 1 k - b
on [0, J].

We also have sz > 0 at ¢ = 0 and we want to show that this remains so on [0,6]. For
this purpose suppose that there is a first time 6 € [0,6] such that there is some point
p € M and a vector 0 # v = {v'} € T,M of unit length with Tj;v'v/ = 0. We construct a
contradiction from this situation: Locally around p we may extend v to a (smooth) vector
field on T,M x [0,0], which we again denote by v = {v'}. We may choose v such that
Vvt =0 at (0, p) and such that v’ does not depend on t. By letting

= Tiv'd
f %
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we transfer the problem to the realm of smooth functions and may proceed in analogy to
the proof of the ordinary maximum principle: Since f > 0 for 0 <t < @ it follows

0
—f<0 at (0,p).
On the other hand, p is a local minimum of f(#,-), that is, we have

Vif=0 and Af>0.

If one of these relations was not satisfied, there would be a geodesic v through p such that
f(0,v(q)) < 0 for some ¢ near p, which contradicts the minimality of 6.

As a consequence we get a contradiction to (24) by

o - L L
atTZjv ) = _tf < Af+ 0V, f = AT v + kakTijv’vJ at (0,p).
where we have used the relations 2 (aatTw)U VI, Vif = Vi(Ty)v'v? and

Af = ATUUZUJ + 2gle VIV V0l = ATijvivj,
v
=0
which are due to the particular choice of v.
If we now allow for S;; # 0, (24) takes the form

8 ~ a
a1 = gl
If, however, we invoke the assumptions on ®, we may reason as follows: Since v is a null-
eigenvector for Tj;, we have for S = ®(T) the relation Sjjviv/ > 0. On the other hand,
observe that we have Tj; — Tj; = (6 + t)g;; for t € [0,5]. According to the assumption
this implies |S;; — Si| < C(n)(6 + t)e < 2C(n)de for some C(n) < co. Altogether it
follows S;;v'v? > 2C(n)de. If necessary, we then decrease 6 > 0 that much that we have
2C (n)de < £/2. If we then plug v into (25), we get with g;;v'v7 =1

1 - -
+ 5595 > ATy + ViV Ty + Sij = ATy + 0°Vi Ty + Sy (25)

o ~ . . 0 o o o -~ -~
ET@-U’W > ET"”’UW > ATjv" + kakTijvzv] = AT;v"v + kakTijvzv],

and we can construct the contradiction as above.
We thus have shown that Tj; > 0 on [0,d]. Repeating the argument finitely many times

yields the same result for [0,7° — n]. We now let ¢ — 0 and thus obtain 7;; > 0 on
[0, T — n]. The theorem follows by letting n — 0. O

4.3 Preservation of modified convexity

Theorem 4.6 is a crucial tool we want apply to the evolution equation of the second
fundamental form given by

0 _
Sl = Ahg; — 2HD R, + |A]hij + hij Ry’

—hyR " = haR ™+ 2l R — Vi Ryt — ViR (26)

01] .

We therefore have to control all quantities involved such that the conditions of the theorem
are satisfied.
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Example 4.8. For motivational reasons suppose for the moment that the ambient space
be Euclidean. Then both R and VR vanish and (26) takes the form

0

ot
Setting Tj; := hyj, b* = 0 and Si; := —2Hhjihing'™ + |A]*h;; shows that according to
theorem 4.6 an initially convex hypersurface (i.e. h;; > 0 at ¢t = 0) remains convex on the
interval / = [0, 7] (i.e. h;; > 0for 0 <t < T'). This is clear since S;; is a polynomial in h;;
formed by contracting products of h;; by the metric g;;. Thus it satisfies the continuity
condition in theorem 4.6. Moreover, the null-eigenvector condition becomes trivial due
to hyv'v? > 0 for all v # 0 - there are no null-eigenvectors of T;;. We thus see that we
indeed can use the maximum principle to show that convexity is preserved, at least in the

special case of Euclidean ambient space.

hij = Al —2Hh hiy, + |A]hy;. (27)

Now we turn our interest to general Riemannian ambient spaces. It will turn out that in
contrast to the above example we do not succeed by simply setting T;; := h;;. Instead
we first provide a basic technical preparation which enables us to apply theorem 4.6 in
several different cases. Note that in the following considerations all tensors are defined
on M x [0,T].

We define the symmetric tensor

hi;

T = F]_fgij

for some smooth function f to be chosen. Our goal is to write down the parabolic
differential equation (23) for some b* and S;;.

We need two technical lemmas.

Lemma 4.9. For a smooth function ¢ and a smooth tensor field M;; we have
M AM;; — M;:A 2 M,
A J:SO J J SO——Q(VQO,V( J))
¥

® ©? ®
Proof. Direct calculation. O

Remark 4.10. We have used the notation g (ch, \% <M;”)> = gV, VY, (%)

Lemma 4.11. We have

0 1 1 2 1
o A(ﬁ)w (V”(HQ))

—afa—1) [VH|* - a(|A|2+R0lol)-

Ha+2

Proof. We have

0 1 a 0

5 E = Ferl 5 HO‘“ ——(AH + H(JA]* + Ryy"))

and

1 kl 2
A (ﬁ) = gV, (HQHVIH) T AH +ala+1)— L vap.
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Thus we get
0 1 1 2 2 D
EWZA<E) —afa+ )Ha+2|VH’ a<|A‘ + Fo )-
From this and

H He Ha+2

the assertion follows. O

3<VH,V(L)> =2 _|VH[

Returning to T;; defined above we get by lemma 4.9

Moreover, by lemma 4.11 and by the evolution equation of the second fundamental form
(26) we compute using 2g;; = —2Hh;;

0 Ahjj Ui;

_T. =
ot " H H H
2 1 hij, o = O
thiy g9 | VH V22 | = (AP + Rao') = 5 Fi +2f Hhyy, (29)

where for reasons of clearness we comprise the terms of the right hand side of (26) without
the Laplacian by U;; := h — Ahy;.

One easily verfies that we have

1 AH 2 1
SET T HY <VH’Vﬁ> |

By this identity we derive from (29)

9 HAWy —hyAH 1 hy o o
i lu = ]Hg ’ +EUz’j—#(|A| + Ryp')

0

By finally putting (28) and (30) together we obtain an equation similar to the one required
for the tensorial maximum principle:

0 2 2
2T ATy + 9 (VHNT) + g (VH NV (f)gy) + 92T
hz 0
"—EUU — E]<|A|2 + Rolol) - Efgzj + 2th1] <31)

Indeed the structure of this equation matches with the one treated in (23), where b* =
%VZH g'* and

2
Sy = Eg (VH,V(f)gi;) + 9i;Af + UZJ
hij
— 77 (AP + Ra') - gfgij +2f Hhi;. (32)
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This preparation was useful since we now can study the nature of S;; dependent on the
choice of f. In particular we have to examine it in view of the conditions demanded in
theorem 4.6.

For the moment let us ignore the null-eigenvector condition and turn our interest to the
continuity condition. We have to consider T;; = Tj; + £g;; and show that for any small
n > 0 there is a constant C(n) such that |S;; — S;;| < C(n)e. Observe that we get S;j; by

replacing f by f + ¢ in (32). We thus get |S;; — Si;| = 2¢H|h;;|. Since H and |h;j| are
bounded on [0,7" — 7], the continuity condition is satisfied.

It now only remains to appropriately choose the function f such that the second condition
of the tensorial maximum principle 4.6 - the null-eigenvector condition for S;; - is satisfied.
Then the maximum principle applies, stating that the relation 7;; > 0 is valid as long as
the mean curvature flow goes on, provided that it holds on M.

Applying this statement to our definition of T;;, we are able to show that for appropriate
choices of f relations of the form

remain true as long as the flow goes on, whenever they are satisfied at ¢t = 0. (Of course
the choice of f has to imply the null-eigenvector condition for S;;.)

Remark 4.12. Observe that equation (33) is equivalent to h;; > H fg;;, provided that
H > 0. For f = 0 this is just the definition of convexity. For other choices of f,
however, the original notion of convexity gets modified. For example, earlier we have
assumed H? > n’K,, K; > 0, to show that the solution exists only on a finite time
interval. This implies f > nK;/H?, including an ambient curvature term in the convexity
condition. The result gets less powerful the more terms are involved. However, the
maximum principle demands that we have to choose f in such a way that the null-
eigenvector condition is satisfied.

Since U;; and thus S;; contain terms involving the ambient curvature tensor and its
gradient, we have to somehow control both quantities by f in order to guarantee the
null-eigenvector condition for S;;, as we will see. In addition to the lower bound —K; of
the sectional curvatures we therefore impose another obstruction on the geometry of V.

We demand that |V R|? < L* for some L > 0.

Then it turns out that we succeed if we demand that the relation
n2
H
be satisfied on M. This is our modified convexity condition, which we want to show to
be preserved during the flow.

Hhij > TLKlgij + ng (34)

Remark 4.13. Contracting this relation yields H?> > n*K; + n3L/H. For a suitable
choice of unit normal this implies H? > n%K,, our earlier assumption, which we have
proved to be preserved. Moreover, for this choice of normal H is bounded from below by
miny, H = Hpyin(0) > n(K;)Y2, since M, is compact.

Observe that due to the strict inequality in (34) there is some 0 < ¢ < 1/n such that

n2

Hhij > nK1gi; + Vi

Lgij + €(H2 — TLQKl)gZ‘j on M(). (35)
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Accordingly we choose
fi=e+—5—

For this choice of f we now prove that the null-eigenvector condition of (4.6) is satisfied
for SU

To this end observe that we have to vary the tensor 7Tj; by defining Tij = Tij + €gij
for strictly positive 0 < & < g and show that the tensor S = ®(T) possesses the null-
eigenvector property. It is therefore sufficient to verify the null-eigenvector property for
all T;; = h;;/H — fg;; with choices of € for which (35) still is valid, and we accordingly
choose ¢¢ small enough.

For any 0 < e < ¢p we then consider the first time ¢, where at some point p € M,, a zero
eigenvector v of T}; occurs. We have to show that S;;v'v7 > 0 at p. Since this is a purely
pointwise relation, we may choose a convenient basis for 7),M;,. Therefore we choose a
basis {e;} such that g;; = ¢;; and h;; becomes diagonal. Obviously 7;; then is diagonal as
well, according to its definition. Moreover we may suppose that the Christoffel symbols
all vanish at p. We further assume that v = e;. Finally let k4, ..., s, be the eigenvalues
of h;; at p. Because of v = e it is T1; = 0 and it follows

2

1 _
MK+ L

Iilef:Hg‘l“ H 2

If we compute % f, Vf and Af and plug these terms into (32), we obtain

2n(1 — ne) 2n? 2n(1 — ne)
Tthij + ﬁLhij + i

6n2 1 _ — _ 1 - - -
+ﬁL’VH\29m’ + ﬁ(thle 7= bR — ha R — ﬁ(ijoul + ViRy;,")

2n(1 — ne) 3n? _
+ ( J2E Ky + EL> (|A’2 + Rozol)gij-

Sij = _thlhé —+ 2€Hhij + K1’VH|2gZJ

We then consider Sijvivj = 511 and employ that in our frame we have the relations

1 - - — - 2n
_F(VlROlll + VlRonl) > _ﬁL-

and )

2n(1 — 2

—2hy b, + 2eHhyy + %thn + 73 Lhn = —2HMiyhyy = 0
and on(1 ) 62
n(l —ne n
TK1|VH\2911 + ﬁL’VH‘zgll >0

and

1 _ _ _ 2 < _
E(thle M= hy R — bR = I Z Ryji(ki — k1)

1=2
as well as |A]> > H?/n and Ry,,' > —nkK;.

Combining all these relation and applying them to Sy; yields

2 - - 2n 3n 2n*(1 — ne 3n?
SH > E Z Rllll(“l — Kll) — EL+2<1 — TLE)Kl + ﬁL_ %K% — FLKl (36)
=2
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Now observe that by our agreement that all ambient sectional curvatures be bounded
from below by — K7, we are allowed to further estimate

n

2 o - 2 2
— ZRUU(%J — k) > ——K; Z(/ﬂ — K1) = ——=Ki(H — nky).
H p— H e H

If we now plug in the value for x; and use this estimate with (36), we finally find

712

H2

n

Sz‘jvi”j =51 2> i

L(1— Ky),
which is non-negative due to the fact that we have found H? > n?K, as long as the

solution exists (remark 4.13).

Thus S;; satisfies the null-eigenvector condition; the maximum principle applies and we
conclude that the relation

2

n
Hhi; > nKyg;; + ﬁLgm’ +e(H? —n’Ki)gy

remains true for the same 0 < € < 1/n as long as the solution exists, that is on [0, 7.

We summarize the results of this chapter.

Theorem 4.14. Let My be a closed hypersurface which is smoothly immersed in a Rie-
mannian manifold N. Suppose that all sectional curvatures of N are bounded from below
by —K, for some K; > 0. If we have H > n(K)"/? on My, it follows that the mean
curvature flow of My can have a solution only on a finite time interval [0, T7.

Furthermore suppose that |VR|?> < L? for some L > 0. If on My we have the relation

TL2

Hhij > nKlgij + H

Lgi;,
then this remains true on the whole interval [0, T'[.

Remark 4.15. The above proof has shown that for our particular choice of f the null-
eigenvector condition of S;; is satisfied. However, we had to include terms involving the
bounds K; and L of ambient curvature. One might doubt if this is really necessary, or
if they might have been avoided by using sharper arguments. In particular the question
arises, if proper convexity (and not the modified convexity from above) is preserved, too,
even in the case when K; or L do not vanish. We will discuss this question in the chapters
6 and 7.

Before that, however, we examine how the relation of the principal curvatures changes
during the flow, particularly when ¢ approaches the singularity 7" < oo of H.
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5 The pinching of the principal curvatures

In the last chapter we have learned that for the maximal mean curvature flow solution of
smooth compact initial surfaces M, without boundary the relation

n2
H
is preserved, if true on My. Moreover, we have seen that the solution only exists on the
finite time interval [0, 7], T < oco.

Hhij > TlKlgij + Lg”

In the present chapter we examine how in this case the principal curvatures k;,, i =1...,n
of M, are related to each other, especially for ¢ — 7. The reason why we restrict our
discussion to this case is that we then are able to invoke the results of the previous chapter.
As it will turn out, the proceeding mean curvature flow forces the principal curvatures to
get pinched in a sense which will be specified below. This is another major result of [§],
where, however, the technical details of the proof are largely omitted. We have therefore
decided to illuminate the employed techniques in detail in order to give a complete picture
of this extensive proof.

Remark 5.1. The proof uses a whole string of different estimates, many of which take
advantage of the assumptions and results of the previous chapters. As said above, we
therefore keep all assumptions both on My and N of theorem 4.14 throughout the entire
chapter. In particular we then have the bounds K7 and L of the ambient curvature terms
at our disposal, as well as the fact that for some 0 < ¢ < 1/n relation (35) is satisfied
during the flow, as we have seen in the proof of theorem 4.14. Finally recall that we have
chosen the unit normal such that we have H > 0 on M x [0, T]. All these assumptions
will be employed in the following arguments.

5.1 The problem

Let ki1,..., kK, be the eigenvalues of the second fundamental form h;; of M;. Evidently
the quantity

1 )
n Z(Hz — ;) (37)
1<)
measures how far the x; diverge from each other.

Lemma 5.2. We have
1 2 9 1.
=D (ki =yt = AP =
1<)

Proof. At p € M, we choose coordinates such that g;; = d;; and h;; = diag(ky,. .., kp)
becomes diagonal. Then

n

n n n
”|A|2 - H? = nzli? - (ZMV Zan? —Zm? —22/@/@
i=1 i=1 i=1

i=1 i<j

= (n—1) i KE — Z 2Kk = Z(H? — 2Kikj + k) = Z(/{Z — Kj)%.
i=1

1<j 1<J 1<J
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Remark 5.3. Tt is always |A|? — H?/n < H?. For, in the setting of the proof above, this
is equivalent to n > k? < (n + 1)(>_ k)%, which is true if all x; > 0. This, in turn, is a
fact which directly follows from relation (35).

According to the remark it is clear that the function

' |A]? — LH?
Jo = T re
for o = 0 is bounded uniformly in ¢. It is, in turn, not trivial to answer this question for

fo, 0 > 0. In other words: The principal curvatures indeed approach each other, if there
is an (arbitrarily small) o > 0 such that f, is bounded uniformly in t.

fo: My — R, (38)

Our goal in this chapter is therefore to prove the existence of some o > 0 such that f, is
bounded uniformly in ¢.

Remark 5.4. In view of the extent of the proof it is advisable to briefly outline the
structure of the proof. At the beginning we derive an evolution equation for f, similar
to the ones developped earlier for other quantities. This equation is improved by several
estimates taking advantage of the assumptions listed in remark 5.1. The result is employed
to conclude that sufficiently high p-norms of f, are bounded uniformly in time. An
argument using a general Sobolev inequality along with an iteration method finally yields
the desired bound. As we will see, the arguments demand two additional assumptions
on the geometry of N: an upper bound for the sectional curvature as well as a strictly
positive lower bound for the injectivity radius.

5.2 The evolution equation for f,

Let 0 > 0 from now on. As we want to study the behaviour of f, during the flow, we
have to look at its evolution equation.

In view of the evolution equations derived earlier, we expect it to be of the form

0
afa:AfU"f'bkkaU"_ch"f'd- (39)

We therefore compute the quantities % fry Af,, and V. f, in order to determine b*, c,
and d.

To compute the time derivative % f» we take advantage of the evolution equations of |A|?
and H given in lemma 3.11 and lemma 3.10, respectively. Let o := 2 — ¢. Based on the
definition of f, we compute

0 1 _
gl = ﬁ[AMI2 — 2| VAP + 2| AP(JA? + Ryyp')
—4(h“ R R,yd — h '™ Ronar;)
O
—2h"(V;Ry;" + leOij )] — aHa+1

(AH + H(|A]? + Ryy"))

Hl—a _
-(2-0) n (AH + H(|A]* + Ryy'))
HAJAP* —a|APPAH 2—a 2 9
= — H™“AH - —|VA
Hot n i VA
_ 4 g _
(AP + B ) (2 = @) fo = g7z (WRT By = hOR Rity)
2 -
—mhw(vy‘Rozz‘l + VlROijl)' (40)
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Note that in the second identity we have used the definition of f, to collect terms. On
the other hand we have
VkH - (2 — a)

Vife =

kf He Ho+1 n

If we covariantly differentiate (41) once more and contract, we get
HA|A|? — o|APAH 2

Vk|A|2 |A|2 Hlfa
—

V.H. (41)

(0%

—a
Afy, = Fotl - H* AH—2Ha+1 (V|A]?, VH)
2 A H
+|VH| oz(oz+1)Ha+2 —2—-a)(1—a) . (42)
Furthermore from (41) it follows
_(VIAR,VH)  alAP o H o
(Vf,, VH) = e Ha+1|VH| (2—a) - |VH|". (43)

Now we collect terms and write down the evolution equation of f, in the form of (39).
It turns out, however, that in view of the subsequent estimates it is handy to further
simplify the equation by the following lemma to the final form

0 B 2(a—1)
—Jfo = Afa‘i‘T

5 (VH,V [5) (2 = &) (|A" + Ry') [ (44)

J/

B
2
C fo+2

Ha+2

N \ s/

|HV ihyy — hiy Vi H|* — @-ala-1) (|A|2 - %HQ) IVH|?

-~

2] (3]
L - 2 e 5 = 5
(W hjR' ™ = 7R Ry —mh”(Vijﬁ +ViRy;').

J/

4

) 5]

Lemma 5.5. It is
|HV ihyy — h Vi H|? = HAVA]? + |AP|VH|? — (V|A]’, VH) H.
Proof. The assertion follows from
|HV ihiy — huViH|? = H?*|Vhy|? + |AP|VH|? — 2H g™ ¢"" ¢"* hyy Vi HV B

and

29" 9" g haViHV s = g™ 9" 9" (hiy Vs + ins Vi i) Vi H

= ¢""Vul(g"" g hihns) Vi H = (V|A]>, VH).
O

Remark 5.6. In view of the parabolic structure of (44) the question arises if it is possible
to directly derive a bound for f, by means of the maximum principle, similarly to how
we have bounded H from below in the last chapter. This is, however, not possible, since
the maximum principle requires that the coefficient of f, be negative or zero. In our case
this is (2 — a)(|A|? + Ry,') which is far away from being negative. We thus have to use
other methods.

Observe that the evolution equation contains terms involving h;; as well as terms involving
the ambient curvature and its gradient. We exploit this in the following section as a
possibility to improve evolution equation (44) by our earlier assumptions and results.
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5.3 Improving the evolution equation

Our aim in this section is to improve the evolution equation of f,. In particular, we
derive an differential inequality for f, by employing the assumptions made in remark
5.1. Basically, these are the validity of estimate (35), which is a means to estimate terms
involving h;; uniformly in ¢ € [0,7], and the existence of the lower bounds —K; of the
ambient sectional curvatures and the bound L of the curvature gradient.

In addition to that, we from now on assume that the ambient sectional curvature be
bounded from above by Ky > 0.

We intend to estimate the terms [1] to [5] of the evolution equation (44) from above. For
this purpose first observe that term [3] is always negative due to lemma 5.2 and thus can
be omitted.

For term [2] we exploit the fact that it contains h;;. Consequently we may apply relation
(35), aiming to get an estimate involving the gradient of H as well as €. This is indeed
the case, as the following lemma shows.

Lemma 5.7. The assumptions listed in remark 5.1 imply that the relation

Cn

|\HV ihiy — haViH|? > ~?H?|VH|? — ~ max{K}, K3} H* (45)
g

N

holds everywhere on M, for allt € [0, T|. ¢, is a constant depending only on n.

Proof. We have
1 1
|HV2hkl — hklvzH|2 = |§H(V2hkl + thzl> — §(hleZH + hzlka)

1 1
5 H (Vi = Viha) = 5 (haViH = ha Vil

The first and the second summand are symmetric in ¢ and k, whereas the third and the
fourth summand are antisymmetric in ¢ and k£, whence the above is equal to

1
Z|(Hvihkl + Vihy) — (hu Vi H + hilka)|2
1

+ Z|(Hvihkl — Vihi) — (haViH — hy Vi H)|?
1

> Z|H(Vz‘hkl — Vihi) — (haViH — hy Vi H)|?

1 _
= I Roi — (hiViH — haV i H)|?, (46)

where in the last identity we have applied the Codazzi equations V;hi — Viha = R

Since the desired estimate is a pointwise one and since | - |> does not depend on the
choice of basis, we now may choose a suitable reference frame in order to simplify further
estimations. Choose for instance an orthonormal frame ey, ... e, at p € M, such that
ey = VH/|VH]| for the case that [VH| > 0. (The case |[VH| = 0 is trivial and not

considered here.) Then all components of VH vanish except for Vi H = |[VH]|.

Let U be a linear subspace of T,M, and let U be its orthogonal complement. It is an
obvious fact that any tensor 7' as a multilinear map on 7,M; may be decomposed into
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the direct sum of its orthogonal projections S and S+ onto U and U+, respectively. We
then have g(S,S*) = 0. It follows |T'|? = |S|> + |S*|? and thus |T|*> > |S|?. In our case
we choose U := span(ey, e5) and consequently find that (46) is equal to or larger than

1 - 1 _
Z(Ronzﬂ + |VH’h21)2 + Z(ROIMH — |VH|h21)2

1 - 1 _
+ Z(ROQHH + |VH’h22)2 + Z(R0221H — ’VH|h22)2
1
4
1

= 5 (RoH + |V Hhs).

v

_ 1 -
(Ro212H + |VH’h22)2 + Z(ROQQIH — |VH|h22)2

Now we have reached the point where we may apply relation (35), which in our frame
takes the form

2
Hhay > nk, + %L +e(H? — n?Ky) > eH? + nK, (1 — ne) > eH?,

since 0 < € < 1/n. This implies that the above is greater than or equal to
1 5 2 1 2 2772 P
§R0212H + §IVH‘ € H + |VH|h22HR0212.

If Roa12 > 0 the assertion is immediate. Otherwise, because of 0 < hyy < H, we have

_ _ 1 1 -
|VH|h22HR0212 Z |VH|H2R0212 Z —Z€2H2‘VH|2 — 8—2H2R§212,

according to Cauchy’s inequality with n given by

1
abg—a2+ﬂb2 for a,b € R and n > 0.
2n 2

Then we further estimate

1 1 _ 1 n
|HV ihiy — huViH|? > Z62H?|VH|2 — 5—2H2R§212 > Z52H2|VH|2 - Z—Q max{K? K3} H?,
and the assertion follows. O

Remark 5.8. Observe that here we have used that the ambient sectional curvatures be
bounded from both below and above by —K; and Kj, respectively. The second estimate
is justified by the possibility of recovering Rgp1o by means of sectional curvatures (see for
example the proof of lemma 3.3 of [2], p. 95)

Now we focus on terms [4] and [5] of (44), which are terms contributing information about
the ambient curvature and its gradient. Thus we may use the bounds K, Ky and L to
derive upper estimates.
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To handle term [4] we once more introduce suitable coordinates: At a fixed point we
assume that h;; = K;0;;, where r; are the eigenvalues of h;;. In this setting we have

ij pl m ijlm b 25 =
h thzR mi h' h Riljm = E (/il Ripim — Fél/‘mezmzm)
Im

1 _ _
- 5 Z(/ﬁlz - Hll{’m)lelm + Z(K?n - K'l"’f'm)lelm
Im

lym

1 _ _
- 5 Z(I{l - I{m)2lelm = Z(I{l - I{m)Zlelm
l,m

1<k
1
> —-K; Z(/{l — Kp)? = —nK, (|A|2 - —H2) .
1<k n
By the definition of f, we thus conclude
4 . . _
—ﬁ(h”hﬂz{lmim — hIR™ Riyim) < nKy f,. (47)
Now consider term [5]. We define the traceless second fundamental form by

= H
hij := hij — ggij-

The trace of term [5] with respect to 7, j vanishes due to
97 (V;Ry;' + ViRy;') = 97 9" (V; Rotim + ViRoijm)
= gijglm(?jﬁoum — ViRoim;) = gijglmijOIim - glmgijleOimj = 0.
Thus it follows that
h9(V;Ry;' + leOijl) = Bij(?j}?ozz‘l + leOijl%
which is according to Cauchy-Schwarz less than or equal to
|}~lij||vjf‘)0hl + vlé

1 ~.. 1 - _ _
l| < ilhﬂz + §|VJR0MZ + VIR 1‘2

0ij 0ij

Using |h¥]? = |h;;|* = |A]? — ££ = f,H* and |VR|* < L? we conclude

2 1

where C' > 0 depends on L.
Finally it is obvious that term [2] may be estimated as follows:
(2= a)(|AP + Rog') fo < 0 APfs + C s, (49)

where C' depends on n, K; and K5, the bounds of the ambient sectional curvatures.

Combining estimates (45),(47), (48) and (49) with (44) we get

9, 2(a — 1) g2
Zf < S _
BT fo < Afy+ 7 (VH,V f,) S Fe

The constant C' now depends on n, €, K, K5 and L.

1
|VH|2+a|A|2fU+Om+OfU. (50)
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Remark 5.9. Note that this improved inequality comprises three important pieces of
information: The evolution equation of f, on the one hand, and, on the other hand, the
fact that (modified) convexity is preserved according to theorem 4.14, as well as the fact
that the ambient curvature terms are assumed to be bounded.

The following section will show how one can use it to derive a bound for high L”-norms
of f,.

5.4 Bounding high LP-norms of f,

The next step towards a uniform upper bound of f,, which is our main goal, is to derive
an upper bound C' for all

HfaHpZ(/ fé’dut> . p>po, o <oa(p),
M

independently of p and ¢. Here the constant C' should only depend on My, H,n(0), as
well as K7, Ky and L. Once we have established that, this knowledge strongly suggests
that f, is indeed uniformly bounded from above for some sufficiently small o. This is
presented in detail in the next section, which will finally complete the proof.

We take inequality (50) as a starting point, which we integrate and then modify by a
variety of estimations.

When integrating, note that the induced measure dy = p(x)dr = \/det g;;dz on M,
depends on t. When considering time derivatives of integrals over M;, we therefore have
to take into account that u; changes with ¢ according to the following

Lemma 5.10. The changing rate of the induced measure on M; is given by

9, _
atlut -

Proof. We have the Radon-Nikodym derivative du/dz = \/det g;;.
Thus 2 it = (\ /det gw) and if we work in an orthonormal frame we get

gt (x/det gl]) det g;; Z g’ 0tg” —H?,

due to det(g;;) = 1, ¢“ = 6% and lemma 3.5. The assertion follows. O

_H2.Mt,

Remark 5.11. It follows | M| > [ M| for all ¢t € [0, T[, because of 2 |M,| = — Jor, H? dp <
0 on [0,T].

By the above lemma we compute time derivatives of integrals as follows.

0 0 0
P — P _ 2 ¢p — p—1 _ 2rp
6t/f" dp /at(fg)dﬂ /H f5du /pfg atfadu /H J5 du (51)
M M M M M

In view of the first term of the right hand side of (51) we multiply (50) by pf?~! and
integrate. We then apply (51) to the resulting inequality. Moreover we use

/ A dp = —(p— 1) / RV P d,

M; M,
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which is integration by parts (recall that M, has no boundary), and

[ @ s [ VIV b
Mt Mt
which follows from the Cauchy-Schwarz inequality. Thus we obtain

2

0 _ € 1,
= fé’dﬂ+p(p—1)/f§ 2V £, 2 dp+ - o lt "YWHdu

ot 2
M, . My | M, ,
m 2]
+ /H2f§du < 2(a — 1)19/H‘IIVHI|Vfalfé"1 du+0p/|A|2f5dM
My \ M , M,
3
fr
00 [T durne [ fran, (52)
Mt Mt

where C' depends, as in (50), on n, e, Ky, K5 and L.

Let us consider the terms involved in (52). We follow the idea of making certain terms of
the inequality get “absorbed” by other terms by treating them with standard inequalities.

The terms [1], [2] and [3] of (52), for example, suggest to be “merged” by Chauchy’s
inequality with ) given by

U 1 2
< — _—
ab 50 + 2776 (53)

for any n > 0, a,b € R.
Let us suppose p > 2 from now on.

Then, setting a := |V f,|, b:= fIVH|/H and n := (p — 1)/2 in (53), we get

1 1
op [ HONVHIV LA o < 5o =) [ 52V EE du 2 [ I HE d
My

Mt Mt

Combining this with 2(a — 1) < 2 and f, < H** (follows from remark 5.3), we conclude
that term [3] is smaller than or equal to

1 1
o= 1) [ £V 2t [ HE (54)
M

2
My
Note that basically these are the terms [1] and [2]. Applying this estimate to (52) and
afterwards subtracting (54) from both sides, we obtain

0 1 N pe? 2p 1
L rdu+Zpp—1) | PRV Pd G /—Pl H%d
8tM/f" ot 5p(p )M/fg IV fo| u+<2 p_1>M gale IVH dp

J . /

v~

0 2

p—1
< op [ gpdu o0 [ duise [ pan (55)
My My My

J/ J/

-~

3 ]
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As it will turn out in view of the following estimations it is handy to demand that

22
pe P PE

2

2 p—17 47
which is equivalent to p > (8+¢?)e? and may, for example, be simplified to the condition
p > 2002, (56)
since we chose ¢ to be small. Let p satisfy this condition from now on.

Remark 5.12. Some more work has to be done in order to further simplify inequality
(55). Consider terms [1], [2] and [3]. Unfortunately term [3] including its coefficient is
positive and thus cannot simply be omitted. On the other hand, for our choice of p terms
[1] and [2] are positive, too, which gives hope that they might cancel out with term [3].
This is suggested even more, as ¢ may be chosen arbitrarily small. In fact, this estimation
is possible, as the following lemma shows. However, its proof is rather extensive as many
estimates are involved. We therefore have decided to only describe the crucial ideas here
and give the thorough proof in the appendix.

Lemma 5.13. Let p > 2. Then for anyn >0 and any 0 < o < % we have the estimate
ne? 2 1 -1 2 p—1 -2 2
S < =) ) [ g IV HP dut B Vg d

My My My

+ C/HQdu+C/f§d,LL+C, (57)

M, M,
where C' depends on €, My, Hyin(0), Ky, Ks, and L.

Scetch of proof. The main idea is to exploit an inequality for the Laplacian derived
from (43). We integrate it by parts over M, and take advantage of the fact that there
are no boundary terms occurring. Then the remaining terms are estimated by means of
the Chauchy-Schwarz inequality and Chauchy’s inequality with 7 (see (53)). The lemma
follows by applying relation (35) once more in order to estimate terms involving h;;.

We multiply (57) by 20p/(ne?) and apply it to term [3] of (55). In the resulting inequality
we then combine identical integrals and obtain the relation

B 1 2opp — 1
a/fé’dwr [gp(p— 1) — —pp—} /fﬁ’_zlvfgfdu
My N

ne? 7

2

pe 20p 1 1 9

_—— —1 4 —fP Hl|“d

+ [4 mQ(n(p )+ )1/Hafa IVH|" dp
~ ~~ JMt

i

p—1 2
< pC’/J;‘}a du+pc/fgdu+% C/HQdu+C/f§du+C . (58)
My

My M M;
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Clearly we may now choose ¢ = o(p) > 0 so small that - for some suitable choice of

= n(p) > 0 - the expressions & and & are not negative. We then may modify the
estimate by setting & = & = 0. Observe that the same holds for all 0 < 6 < ¢ with the
same 1. We may, for instance, choose

ned
o< ——,
—32y/p
along with some suitable 7, as one readily verifies.

The terms on the right hand side of (58) may also be estimated. Since H is bounded from
below by Hpin(0) > 0 for all 0 <t < T, we have

p—1 1
oy < / F2V dp = C(Hopin (0 / .
Ha (Hmln(o))a ( ( ))

Mt Mt Mt

We further estimate by remark 5.11

/fz;—ldu < |y +/f§du
Mt Mt

< )+ [ szdu=cony+ [ an

Mz Mt

By means of these two estimates (58) takes the final form

o [ sran<oe [ prausper [ mauper (59)
M, My My

which holds for all p > 200e~2 and ¢ < ne3p/232-1.
Here we have C' = C(n, e, Ky, Ko, L, My, Hyin(0)).

This inequality can now be used to derive an upper bound for ||f,||, by means of the
following lemma.

Lemma 5.14. Suppose that there is some C' > 0 and some py > 0 and oy > 0 such that
for all p > pg there is a sufficiently small 0 < o(p) < o¢ such that

0

5 ffj(p) du §p0/f5(p) dpu —i—pCp/H2 dp + pC?  on [0,T]. (60)

M, M, M

Then there is some o0 > K = K(C, My) > 0 such that

( fow) d#) T<K for all p > po and for all t € [0,T7.
My
Proof. First observe that due to lemma 5.10 we have

)
/H2 dp=—— [ du= —§|Mt|.



Let now p > po. Since e!“t > 1 for t € [0, 7], it follows for ¢,(t) := fMt ff(p) dp that we
have

a
57 #0(t) < pCop(t) +pC? / H?dp + eP“'pCP.
My

Let ¢, be a solution of this equality with ¢,(0) = ¢,(0). Then it is ¢,(t) < $,(¢) on [0,T.
The function @, however, is given by @,(t) = ¢,(0) + tpCPePt + pCP(| M| — | M;|). Thus

sup ¢, (t) < ¢,(0) + TpC’pepCT + pCP| M.
(0,77

Note that ¢/p — 1 for p — oco. For all ¢ € [0, we then conclude

(/ f5<p>d“) < (SUp foy + PO 4 pCP [ Mo)7 < K,
My 0

which holds for all p > py and for some suitable K = K(C, M) > 0, since M, is compact
and T' < oo. 0

Remark 5.15. Observe that here we have explicitly exploited the fact that in the current
setting the mean curvature flow can have a solution only on a finite time interval [0, 77,
T < o0.

In particular we obtain the following result.

Theorem 5.16. For all

200 ned
p>— and o<

g2 — 32,/p
we have || fs||, < K on the whole interval 0 <t < T. The constant K depends on n, ¢,
My, Hpin(0) and the bounds Ky, Ky and L of the ambient curvature.

As a direct consequence of this theorem we get

Corollary 5.17. Let m € N. Then there is some K > 0 depending on the same quantities
as above such that the relation

1
( H™f5 du) "< K holds for all t € [0,T[ and p > po,
M

provided that we choose py large enough and o := o(p) > 0 small enough.

Proof. In view of the definition f, := (JA|*> — H?/n)/H?* % we see that we always may

arrange that
1 1
(o) (7o)
Mt Mt

for o' = o +m/p. If p is large enough, ¢’ remains small enough such that theorem 5.16
applies. O

The above theorem and its corollary are the crucial means which we employ to derive the
bound for f, in the next section.
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5.5 Bounding f,

In this section we will finally derive a uniform bound for f, for some o > 0. We roughly
describe the basic idea: f, is bounded uniformly in ¢ if there is some k£ € N such that
max{ f, — k,0} remains zero everywhere on M, and for all ¢ € [0, T[. The number k£ may
be arbitrarily large - as long as it does exist.

The idea the procedure is based upon is inspired by the following lemma on certain non-
increasing positive functions. Consider the sets A(c) := {x € M, | f,(x) > ¢} for fixed
0 <t <Tandcée R, Obviously these sets have the property A(d) C A(c) whenever
d > c. Accordingly, the function ¢ : R — R defined by

e@ = 4@ = [ [ duar (61)
A(e)

is non-increasing and positive.

It is evident that the existence of the desired uniform bound of f, is equivalent to the
fact that A(k) = 0 for some k € N and for all 0 < ¢ < T, which, in turn, is the same as
demanding that ¢(c) vanish for all ¢ > k.

It thus remains to show that ¢ behaves like this. Since ¢ is non-increasing and positive,
it meets the requirements of the following lemma, which reduces the problem to the
derivation of a certain condition of decrease for ¢.

Lemma 5.18. Let ¢ be a non-decreasing, non-negative function defined on [k, oo[ such
that for all h > k > ko the condition of decrease

o(h)(h — k)P < C(p(k))?” for some positive constants p, C, =y (62)
is satisfied with v > 1. Then @(x) vanishes for all x > ko + d, where
= C -2 (ko))"

Proof. Consider the sequence k, := ko + d — %. Obviously it tends to kg 4+ d from below
and we have finished if we manage to prove that ¢(ks) tends to zero for s — oc.
Using induction on s, we achieve this by showing that

p(ko) . P
oo with  p = T for all s € N. (63)

o(ks) <

The case s = 0 is trivial.
Now suppose that (63) is satisfied for s, and we want to show that it also holds for s + 1.

We have
d d d

_2s+1 + g - 25+1

(ks—i—l - ks>p -
and we thus observe that by assumption (62) we have

2p(s+1)
plhvn) < €2 (ol
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From this it follows by the induction hypothesis that

2p(s+1) © L Y
Qp(ks-l—l) < C dr < 2(_;;)) )

and according to the definition of d? we obtain

o(ko)

wlks1) < o

[l

In the sequel we will demonstrate how condition (62) can be verified for the particular
¢ defined above: We will gradually derive it from an integral inequality which we partly
already have established. The main idea all estimations are inspired by is the statement
of corollary 5.17, saying that integrals of terms of the form H™ f? are bounded uniformly
m t.

Beforehand we provide a Sobolev inequality for general submanifolds of Riemannian man-
ifolds, which we do not prove, for this would go beyond the scope of this work.

Remark 5.19. We need this inequality since we will have to control gradient terms occur-
ring under the integral. In such situations one usually employs Sobolev-type estimates in
order to relate the gradient integral to an integral involving the function itself. In contrast
to Euclidean space, however, such a Sobolev inequality is not immediately available for
the present setting of general Riemannian manifolds. D. Hoffman and J. Spruck (cf. [9])
have established a general Sobolev inequality holding on arbitrary submanifolds of Rie-
mannian manifolds. Depending on the size of the support of the function v to be treated
by the inequality, though, the ambient space has to behave “well” in that the injectivity
radius of the ambient space, which is the maximum distance below which geodesics are
minimizing, must be bounded by an arbitrarily small, strictly positive quantity.

Definition 5.20. Let M C N be a submanifold of a (complete) Riemannian manifold
N, and let p € M. Furthermore let 7 : [0,00[— N be a normalized geodesic in N with

7(0) = p.
By the cut point of p along v we denote the point y(t), where ¢ > 0 is the minimal number
such that v([0,t]) is not minimizing.

By the cut locus of p Cp,(p) we denote the union of all cut points of p.
Finally we denote by the injectivity radius of N restricted to M the number |y (N) :=

inf d m(D))-
Jnf d(p, Cin(p))
We cite theorem 2.1 from [9], which we have adapted to our case. It then takes the form

Theorem 5.21. Let n > 2. Further let M™ — N™ be an isometric hypersurface
immersion of Riemannian manifolds. Assume that M has no boundary and that the
sectional curvature K,y(o) be bounded from above by Ko, Ko > 0, for all p € N™™! and all
two-planes o C T,N™"'. Furthermore let v be a nonnegative Lipschitz function on M.

Then -
(/Mvn”ldu>n§0(n) (/MW“MNJF/M\HWW)? (64)
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provided ,
Ko(1 — a) n(w;, | supp v\) <1 and 2py <i|y(N),

where w, is the volume of the unit ball and
~1/2 . 1/2 1, 1
po = K, " arcsin(Ky' (1 —a) " » (w, |supp v|)n).

Here o is a free parameter, 0 < a < 1, and

1 n-2 1 1 n -2
C(n) = 57?-2 a (1—a) e wn "
Remark 5.22. Regarding the somewhat complicated conditions, we note that in our case
the particular values of pg, a and C'(n) will not matter; it is only important to observe that
whenever K5 > 0 is given along with a lower bound x > 0 for i|,,(/N), the theorem holds
if we restrict ourselves to functions v whose support supp v is small enough, dependent
on Ky and y. Of course the upper bound K5 of the ambient sectional curvature coincides
with the Ky introduced earlier and is thus already assumed to exist. However, we have
to additionally assume the existence of the lower bound y for i(/V) to make the theorem

apply.

Remark 5.23. We will not explicitly need the Sobolev inequality in the form given above.
Rather we modify the exponents in a typical way: Let n > 3. For & := == 2” 2 > 1 we apply
(64) on v* and get by the Holder inequality

n—1

(/vaiﬁdu>n < C(n)&/MUf—1|Vz}|du+(J(n)/ Hob dy
< C(n)¢ (/M > (/ |Vv!2du>
s e[ ([ )

The reason for the particular choice of £ is that we have {én/(n—1) = 2(£—1) = 2n/(n—2)
and (n —1)/n — 1/2 = (n — 2)/2n. Division by ([, v*¢~1)1/2 yields

</MU"%2du)nQ_n2§é(n) </M]Vv|2du) +Cn (/ H%Qdy)%, (65)

with C'(n) = £C(n). We will need this version of the Soboley inequality later.

Additionally note that in the case n = 2 we obtain a similar alternative from (64): This is
just (65) with the exponents 2n/(n—2) and (n—2)/2n replaced by g and 1/¢, respectively,
where ¢ may take any value 1 < ¢ < oo.

We now derive the condition needed in lemma 5.18. We start by defining the set of
functions to work with:

for :=max{f, — k,0} for k> ky:=supf,.

Mo
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Remark 5.24. The definition of ky implies f,; = 0 on M,, which will be of importance
later.

In section 5.3 we have derived relation (50), which has the form

|VH|2+0|A| fU+C_+Ofm

) 2a—1)
afa S Afa + T <VH7Vfa> - QHO‘

where C' = C(n, e, K1, Ks, L). Recall that this was a consequence of the evolution equation
for f, and theorem 4.14. We use this inequality as a starting point and proceed similarly
to how we did in section 5.4: First we multiply it by p f(f’;l. In section 5.4 we then
integrated over M;; in this case we instead integrate over A(k), since f, vanishes outside
A(k). Taking into account that

0 0
T
and f,r = 0 on 0A(k), we conclude analogously to (55) and get

for and Vf, =Vf,, on A(k)

0 1 _
5 [ Fdn gpr=1) / F1219 sl

A(k) A(k)
< op / H? f?
A(k)

Remark 5.25. Again, C = C(n,e,Kl,KQLL). Moreover, we can control the two last
terms on the right hand side by a constant C(p) depending on p, C, My and Hy,in(0), by
taking into account Ehat H® > (Hpin( fA(k dp < M|+ fA(k) f2 ) du, as well as
| M;| < |Mp|. Plus, C(p) and thus the Whole left hand side can be estimated from above
by

ok d,u (66>

) [ sz

Alk)
since we have f? > k¥ on A(k) and H? > (Hpuin(0))?. Here C(p) depends on p, n, €, Mo,
Hyin(0) and the bounds of the ambient curvature.

It is easy to verify that on A(k) we have

1 _
“plp — VPRV LI? < (V2R

2
which - applied to (66) - yields with v := f; /2 and remark 5.25 the estimate
0
a/v d,u—l—/|Vv|2 dpu < C(p /H2fpd,u (67)
A(K) A(k) A(k)

Remark 5.26. Observe that the term on the right hand side suggests to be treated by
corollary 5.17, whereas the first term is the one we want to control. We thus have to take
care for the term on the left hand side involving Vv, which can now be treated by the
adapted version of the Sobolev inequality (65) we have provided above. In view of remark
5.22 we have to ensure that the support of v is sufficiently small, where “sufficiently”
refers to the given upper bound K; > 0 of the ambient sectional curvature and x > 0,
the lower bound of the injectivity radius of the ambient space.
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From now on we will assume the injectivity radius of N to be uniformly bounded from
below by x > 0.

We cope with the restriction imposed by the injectivity radius by observing that supp v
gets arbitrarily small for large k according to

1
megmw:/ du<t [ fon,
A(k) M,

which, in view of theorem 5.16, is bounded from above by C'/k, where C' depends on n,
g, My, Huin(0) and the ambient curvature bounds.

Thus [supp v| gets arbitrarily small if we choose k large enough. Consequently we restrict
our considerations to all k > ki, where k; = ki(x) > k¢ is large enough such that (65) is
valid.

Now we are ready to apply the Sobolev inequality. Squaring (65) and afterwards applying
the relation (a + b)? < 2a* + 2b* (which holds for all a,b € R) to the right hand side, we
obtain for a suitable new choice of C'(n)

(/ qudu)q SC(n)/ \VU!Qdu+C(n)/ v dy.
Mt Mt Mt

By the Hélder inequality we conclude from (65) that

(/ v2qd,u)q < C(n)/ |Vl du + C(n) </ H”du)n (/ v2qd,u>q,
M My supp v My

where here and in the last inequality we have set

q= forn>2and ¢g<oo forn=2,

n —

according to remark 5.22. This relation shows that we indeed are able to handle the
gradient term by estimating it by integrals of (powers of) v.

The additional term involving H", which distinguishes the general Sobolev inequality
from the well-known one in R", is not very much of importance here, as it can be made
arbitrarily small by (once more) increasing k: As supp v C A(k) and f,/k > 1 on A(k)
we get by Corollary 5.17

o 1\ * o I\" s
)< (1) ([, ) < (1)’
(/Suppv kp A(k) kp

provided that p is large enough and ¢ is small enough.

We therefore raise the considered k, if necessary, that is we introduce a new lower bound
ks > ky and restrict ourselves to all k > ky. Then it follows from (67)

o [ aneco ([ o) <cw [ mpan (68)
Ot J Ak A(k) A(k)

where again C'(n) > 0 only depends on n. Now we consider ¢, € [0, 7] such that
/ V2 dp |y > / v?dp |, for all t € [0, 7).
Ak) Ak)
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Moreover, observe that due to our choice of ky (remark 5.24) we have

/ v dp =0 for all k > k.
A(k)

to a T a
sup/ v dp :/ — </ v d,u) dt < / — (/ v? du) dt,
0,1 J A(k) o Ot \Jaw o Ot \Jaw

which yields in combination with (68)

T o T
sup/ v2dp + C(n) / (/ v du) dt < C(p) / / H?fP dyudt. (69)
0,17 J A(k) 0 Ak) o JAw)

In order to proceed we have to invoke the interpolation inequality for LP-spaces (see Evans
[4]), which is a direct implication of the Holder inequality. In our case it takes the form

1/q0 a/q (1—a)
()" = () ([ o9)"
A(E) A(k) A(k)

for o > 1, and @ > 0 has to be chosen such that 1/gp = a/q + (1 — a). Here we set
a = 1/qp, which implies 1 < gy < ¢ due to the value of ¢q. (In the case n = 2 we simply
choose ¢ large enough.) Applying the interpolation inequality to (69) yields the estimate

T 1/q0 T
</ / V2% dy dt> < C(p) / H?fP dy dt (70)
0 JAK) 0 JA(k)

with C(p) = C(p,n,e, My, Hnin(0), K1, Ko, L). Employing the Holder inequality once
more yields that this is less than or equal to

Thus

T 1r
C(p)|A(k)|F Y7 (/ / H? P dp dt) , for some r > 1 to be chosen.
o JA)

The power gy of the left integral in (70) can be avoided by means of the Holder inequality.

For we have
T T 1/q0
// V2 dpdt < |A(k)|1/ 0 (// v2qodudt) ,
0 JAk) 0 JAk)

whence by f, 1 = v? we “shift” the power gq to the right hand side to finally find

T T 1/r
[ auar < conagp-mr (] wrraua)
0 JA®k) o Jaw

Now we have reached our aim. For observe that by definition of f,; we can reason as
follows: Let h > k. Then for all x € A(h) C A(k) we have f,;(z) > h — k. Thus we may
estimate the above left hand side from below by |h — k[P|A(R)].

On the other hand, the integral on the above right hand side is of such a form that
corollary 5.17 applies whatever value r > 1 may take, provided that p is large and o is
small enough. Let us accordingly fix the values of these two variables in such a way that the
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corollary applies. (These values depend on r). Then the entire integral may be replaced
by a constant.

Note that if we choose r > 1 such that 2 — 1/go — 1/r = v > 1, we exactly have derived
the condition required by lemma 5.18. Thus this lemma applies and ensures that indeed
there is some o > 0 such that f, is bounded uniformly in ¢.

Remark 5.27. Note that the lemma applies despite the fact that the constant C(p) still
depends on p as well as n, e, My, Hyin(0), Ky, Ky and L.

We summarize:

Theorem 5.28. Assume the conditions of theorem 4.1 to be satisfied. Moreover assume
that
sec(p) < Ky for allp € N and some Ky > 0

and
ip(N)>x>0 forallpe N,

where i,(N) is the injectivity radius of N at p.

Then there is some o > 0 such that f, = w;}# is bounded uniformly for all t € [0,T].

That is, |A|* — H?/n becomes small compared to H* and the eigenvalues of hi; get pinched
together, if H tends to infinity.

We thus have finally shown that the principal curvatures get pinched together towards the
end of the finite interval [0, 7] on which the mean curvature flow exists. This fact is an
important step towards the main result in [8] stating that volume-preserving homothetic
expansions of the evolving surface will converge to a sphere.
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6 Example I: Hyperbolic space

The purpose of the following two chapters is to investigate the question posed in remark
4.15, namely if the convexity theorem 4.14 of chapter 4 might be improved by using
sharper arguments in the proof. In particular, we concentrate on the terms involving the
ambient curvature bounds K; and L, which we had to take into account in the modified
convexity condition

n2
H
Thus the notion of convexity had to be adapted to the particular geometrical structure of
the ambient space. Recall that the occurrence of these terms is due to our choice of the
function f in the proof of theorem 4.14, and it is fair to assume that this choice might not
be optimal. The following examples, however, suggest that we cannot expect a crucial
improvement, for example by replacing the above modified convexity condition by

hi; > 0. (72)

Moreover we examine the consequences of omitting only one of the additional terms.

For this purpose we consider two different ambient spaces N7 and N, such that in N; we
have K; > 0 and L = 0, whereas in N, we have K; = 0 and L > 0 . In each case we (at
least locally) construct a smooth convex hypersurface M, losing its convexity as soon as
it is moved by mean curvature flow. (By “convex” we now and in the sequel always refer
to the original notion of convexity in the sense of definition 4.1.)

Remark 6.1. A special case occurs if we have Fuclidean ambient space. Then K| = L =
0, and the modified convexity condition (71) is equivalent to (72).

In the present chapter we discuss the first example where we choose a locally symmetric
ambient space N; with strictly negative sectional curvature, the hyperbolic space. Local
symmetry is equivalent to VR = 0, whence we have K; > 0 and L = 0.

In the next chapter we choose N, to be a distorted sphere, the Berger sphere, which has
positive sectional curvatures while not being locally symmetric. Hence K7 = 0 and L > 0.

Both times we use the same approach: We construct a smooth hypersurface immersion
M which is (not necessarily strictly) convex away from one point p. At p all eigenvalues
ki of h;; are constructed to be strictly positive, except for one of them, say ~, which we
demand to satisfy x; = 0.

We then invoke the evolution equation for the second fundamental form, which we use to
show that h;; must take a strictly negative eigenvalue at p as soon as the surface is moved
by mean curvature flow.

We now discuss the first example.

6.1 Hyperbolic space and its geometry

It is easy to find a locally symmetric space (i.e. VR = 0) with strictly negative sectional
curvature. For if the (sectional) curvature is constant, the space is automatically locally
symmetric, due to the following

Lemma 6.2. Spaces of constant sectional curvature are locally symmetric.
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Proof. Let M be a space of constant curvature. Suppose that we have constant sectional
curvature at all p € M and all two-dimensional planes in 7,,M. This implies that if we

choose local coordinates {z'} around p we have for all 4, j
L > = K.
9:955 — (9i5)

It is now a purely algebraic fact that all components of R can be recovered by means of
the relation above. In fact we have

Rijki = Kl9igji — 9194
for all 4, 5, k, 1.

From this we derive for the components of VIR under the assumption that g;; = 9J;; at
T,M:

0
Vi Rijr = ax_mRijkl — IoiRnger — Ui Rinkr — T Rignt — Uy Rijien
0 0 0 0

= K(d; 15 Jik T 5zka —gj1 — 5il8x_mgjk - 5jkax_mgil
K 0 0 0
9 —0" (a mgzs O ngs - Ox ngz)(5nk5jl - 5nl5jk)
K 0 0 0
2 (a mgjs + %gms - a ngj)((sik(snl - (5zl5nk>
K 0 0 0
9 — 0" (8 — ks T @gms - %gmk)(dmdjl - 5il5jn)
K ne, O 0 0
5 -0 (a_mgls + %gms - %gml)(dikdjn — 0indjk)

= 0. (73)

O

Thus hyperbolic space, which has constant strictly negative curvature, is a suitable can-
didate for Nj.

Remark 6.3. In fact hyperbolic space is the only simply connected Riemannian manifold
M with constant negative curvature. It also is essentially the only complete one, apart
from quotient spaces with respect to the action of certain subgroups of the group of
isometries of M, see Petersen [13].

There are several ways to represent hyperbolic space. A common one is the upper half

space representation
H" :={(x1,...,2,) € R"|z, > 0}
with the metric 5
]
(T, .. Tn) = —.
gz]( 1 ) n) l’%

From now on we will restrict ourselves to the dimension n = 3.

However, the way by which we will describe hyperbolic space is using cylindrical coordi-
nates. These coordinates are constructed as follows: Start at some point x in H?, choose
some direction, and let () be the geodesic in that direction. Also choose an orthonormal
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basis e1, e for the subspace orthogonal to v at x(, and parallel transport this along v to
get an orthonormal basis e;(t), ex(t) for the subspace orthogonal to 4(t) for each t. At
~(t) choose an angle # and a radial distance r and walk the distance r along the geodesic
starting at y(¢) in direction cos(#)e;(t) 4 sin(f)es(t).

Consequently, cylindrical coordinates parametrize H? according to the mapping
D(r,0,t) = exp,yy(rcos(f)er(t) + rsin(f)ex(t)).

Remark 6.4. Observe that exp, ) is defined for all r € R* since H? is geodesically
complete and the injectivity radius is infinite. For more details on hyperbolic space see

2].

The metric takes a nice form in cylindrical coordinates, which is is well-known and stated
without proof.

Lemma 6.5. In cylindrical coordinates given as above by (r,0,t) — ®(r,0,t) € H? the
metric of H? takes the form

g1 = cosh2(r), g2 =1, g33 = sinhz(r), g12 = g13 = g23 = 0.
with respect to the natural frame & := %, &g 1= %, &3 1= %.

We determine the geometry of H? in terms of these coordinates, starting with the compu-
tation of the Levi-Civita connection via the Christoffel symbols. Since we consider H? as
ambient space, we denote all geometric quantities by a bar according to our conventions
in the previous chapters, that is

_ 1 0 0 0
Fk = —_km —'_m. - _im — _’L“ .
i = 57 (8%9 ]+6xﬂg 6xmg‘7>

Lemma 6.6. In terms of the above frame {&;} the Christoffel symbols of H? all vanish
apart from

sinh(r)

I, = Iy = cosh(r)’ [, = — cosh(r) sinh(r)
_ , - _ cosh(r)
I3, = —cosh(r)sinh(r), T5,=T%5,= smh ()"
Proof. Straightforward calculation. O

Furthermore we have

Lemma 6.7. In terms of the above frame {&;} the Riemann tensor of H3 has the compo-
nents

nglg = — COSh2 (7'), nglg = — COShZ(T'> Sinh2 (7”), R2323 = — Sil’lh2 (7’) (74)
Again all other components vanish.

Proof. This is also a straightforward calculation based upon formula (5). O

Remark 6.8. According to Lemma 6.2 the Riemann tensor is indeed parallel, i.e. VR =
0, since we have constant sectional curvature due to

Rig12 Riziz  Rasas 1

g11922 911933 922933

Having the geometry of H? at our disposal, we now construct a convex hypersurface losing
convexity.

K =

o1



6.2 Constructing a hypersurface

In this section we first compute the second fundamental form of “rotational” hypersur-
faces. Afterwards we construct a suitable radial function, which determines a smooth
compact surface without boundary losing convexity under mean curvature flow.

For the construction we may take advantage of the structure of the cylindrical coordinates
by looking at rotational surfaces M of the shape

M ={F(p,s)|s€R, p€[-mx[} CH? with F(p,s):=®(r(s),e,s), (75)

where the radius r depends smoothly on s. Observe that since H? is geodesically complete,
we may let s run all over the real axis, whereas ¢ is an angular coordinate chosen from
[—m, 7]

Let p € M with p = F(y,s). Suppose that r(s) is chosen in a way such that F' is a
smooth immersion [—7, 7[xI — H? for some interval I C R. Then we have a natural
frame of M given by the vector fields

oF 0 or 0
e = &p_DF(agO) and ey := (93_DF(88)

which provides a basis {e;(p), e2(p)} to work with at T),M.

As usual we endow M with the metric ¢ induced by H3, thus turning F into an isometry.
Consequently, we define g(e;, e;) := g(e;, e;) for 4,5 € {1,2}.

We relate the geometry of M to the ambient geometry of H? by means of the second

fundamental form.

For this purpose observe that the cylindrical coordinates (r, 8, t) provide the natural frame

0 0 0
§1 - aq)7 £2 = Eq)a 63 . aeq)

of H3. For each p € M C H?® we thus can express the vectors e;(p), i = 1,2, in terms of
the basis {£;}. This yields

el(p) = &(p) and  ea(p) = &i(p) +7'(s5)&(p)-

How do the vectors e; change within the tangent bundle of H3, that is, seen from the
viewpoint of the ambient space?

This information is provided by the covariant derivations of local extensions of e, es, say
€1, 2. Recall the fact that covariant derivatives are pointwise objects which do not depend
on the particular choice of the extensions. We compute at p = F(p, s) € M:

66252 = ?éQ (& +r'(s)&a)

Ve, &1 +1"(s)& +1'(5) Ve,

= Ve & +7(8)Ve& 4+ 77(5)6 4+ 1'(5)(Ve, & +1(5) Ve, &2)
= D&+ 7" (5)T5,& + 1" (s)& + 7' ()Thyér + ('(5))*Thali

- <s>jjj;h((<(§))sl [1"(5) — cosh(r(s)) sinh(r(s))] &
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Similarly,
Vel = vgsfg = f§3§k = — cosh(r(s)) sinh(r(s))&

- _ _ _ - cosh(r(s))
Vet = Vel +1'(5)Ve& = (M +17(s)153)8 = T’(S)mf&

Finally we need a unit normal at p.

If we take into account that the metric g;; is orthogonal, it is easy to verify that the
normal space span(e;(p), ea(p))*~ C T,H? is given by Ro(p) with

v(p) = —1'(s)€1(p) + cosh?(r(s))&(p)-

-1
In particular, v := ( g(7, D)) U is a unit normal.
This yields

Lemma 6.9. Let M be a rotational surface as in (75). With the above choice of unit
normal the components of the second fundamental form h;; of M at p € M are given by

—r"(s) cosh(r(s)) + 2(r'(s))? sinh(r(s)) 4 cosh?(r(s)) sinh(r(s))

hoy =
L+ (r(s))?
hy — cosh?(r(s)) sinh(r(s))
L5 ()
hia = han =0.

Proof. This is an easy calculation using the Weingarten equations
hij = —g(l/, vgiéj).

Observe that /g(v, ) = cosh(r(s))\/1 + ((s))?. O
Before we construct a suitable radial function r, we provide the following useful

Lemma 6.10. Let p = F(p,0) € M. Furthermore let '(0) = 0. Then the Christoffel
symbols of the induced Levi-Civita connection of M wvanish at p.

Proof. It is a basic fact from differential geometry that the induced connection V of M
can be interpreted as the orthogonal projection of covariant derivatives of tangent vectors
of M onto the tangential bundle T'M of M, where the covariant derivative is taken with
respect to the ambient space.

Working in the frame e;,es as above, we have the basis {e1(p), e2(p)} of T,M. Since
T,M C T,H? we may decompose T,H? into the direct sum of T,M and its orthogonal
complement (7,M)* by means of the inner product g(p). Let m"(v) be the projection of
vectors v € T,H? onto T, M along (T,M)*+. Then V is determined by

veiej = WT<véiéj)> Za] € {1a2}7

where €;, €; denote arbitrary extensions of e;, e;.

In our particular case it immediately follows that for 7/(0) = 0 we have at p
Veej € span{&e(p)} ford,j € {1,2}.
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Moreover, for r'(0) = 0
e1(p), e2(p) € span{&i(p), &(p)}-
Since the {¢;} are orthogonal and 7,M = span{e;(p), e2(p)} it therefore follows at p that

Vee; =0 fori,je{1,2}.

Thus the Christoffel symbols vanish at p. 0]

Now we are ready to construct the radial function r.

Theorem 6.11. There is an interval I := [—xq, x|, Tog > 0, and a smooth function
r: I — R such that the following conditions are fulfilled:

i) The mapping F : [—7,7[xR — H>, F(p,s) := ®(r(s), p,s) smoothly parametrizes a
convezx, closed hypersurface M.

i) At the points F(p,0), ¢ € [—m, 7| the second fundamental form h;; of M takes a
negative eigenvalue as soon as M is moved by mean curvature flow.

Remark 6.12. The main idea the following proof is based upon is to choose the first
four derivatives of r at s = 0 in such a way that h;; has a null-eigenvector at the points
F(p,0) and such that the evolution equation for h;; (lemma 3.7) gets negative. From
this we conclude that M must take a strictly negative eigenvalue at these points as soon
as it is moved by mean curvature flow. The choice of these derivatives, however, should
not impact the convexity of M around F(p,0). Therefore the crucial negative portion in
the evolution equation has to be contributed by the ambient curvature terms, which is
possible because of the negative sectional curvature of H?3.

Proof. The proof consists of two parts: First we derive the conditions on r to guarantee
the desired behaviour at s = 0, and secondly we will show that we have the additional
possibilitiy of choosing r in a way such that M is smooth, closed and convex everywhere
else.

We suppose r(0) = 1 and 7/(0) = 0. Furthermore let p = F'(p,0) for any .
Observe that lemma 6.9 yields hjy = hoy = 0, as well as hy; > 0. Due to 7(0) = 1 and
r(0) = 0 it also shows that we have hys = 0 at p, provided that
—1r"(0)c; + cicy =0,  with ¢; = cosh(1) and ¢ = sinh(1)

at p. This is equivalent to the condition

r"(0) = ¢1c9, (76)
which we assume to be true from now on. Note that M then is convex, but not strictly
convex at p.

Under the above assumptions we want M to lose its convexity at p under mean curvature
flow. For this purpose we show, provided that a solution exists, that h;; will take a strictly
negative principal curvature at p. Here we invoke the Hurwitz criterion, which states that
hi; is positive semi-definite if and only if both hy; and det h;; = hiihos — h?, are greater
than or equal to zero. Since hj; > 0 and det h;; = 0 at p, it is sufficient to show that

0 0 0 0 0
a(det hij) = hnahm + h22§h11 - 2h12§h12 = hnahm <0 atp.
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Since hi; > 0 at p, it remains to shovz t_hat %hgg < 0 at p. To this end we take into
account that H? is locally symmetric (VR = 0) and that hgy = his = hy; = 0. Then the
evolution equation for hge (theorem 3.7 ) takes at p the simple form

0

@hm = Ahagy + 2hyg" g"' R(er, ea, €1, €2), (77)

which we want to take a negative value.

Let us consider Ahgy. Observe that because of 7/(0) = 0 lemma 6.10 applies and all
Christoffel symbols of the induced connection of M vanish at p. Applying this to the
general formula for covariant derivatives of tensors, the second derivatives of h;; simplify
to

Ve, Ve his = eller(hiz)) — en(Lihng) — ex(Tihin) — el(Tyihng) — ei(Thin) — at p.
Applying the product rule and the assumption that hes = 0 we get

velvekhgg = 61(6k(h22>> and AhQQ = glkel(ek(h22)> at p.

Recall now that e; = DF(%) and es = DF(£Z). Since hyy depends on s but not on
¢, all second derivatives of hgs vanish except for es(es(hay)), which is simply the second

derivative of hgy with respect to s at p. If we differentiate the expression of hoy given in
lemma 6.9, we obtain with 7(0) = 1 and »/(0) =0

ea(ea(ha)) = —crr™(0) + (r"(0))’cr + (3ez — lea) (17(0))* + (3¢7 — 2e1)r"(0)

= —c17""(0) + 3cics + 3cicy — 2cic,

where in last identity we have employed r”(0) = ¢;co.

Note that we have e;(p) = &(p) and ey(p) = & (p). Thus ¢'' = g% = (sinh?(1))!
and ¢?> = g"' = (cosh?®(1))~"' at p. All other components of g” vanish. Moreover, from
lemma 6.9 and r(0) = 1, 7'(0) = 0 it follows that hy; = c?cy. Finally, R(ey,es,e1,€9)
= Rsi31 = —c2c2 by (74). Thus (77) takes the form

0 1 hit —
ahzz = 0—%62(62(h22))+20—15533131

4
— ?[—clr”"(()) +3cic + 3cicy — 2ccy] — 22—; at p. (78)
1
Clearly the latter term 2h11 Rg131 /c3 is strictly negative. It is therefore possible to choose
r""(0) such that Ahgy = es(ea(hag)) =1 > 0 and %hgz < 0 at p. This is for instance the

case for
r"(0) = 2. (79)

Thus we have derived the sufficient conditions ensuring that M is convex at p and h;;
takes a negative eigenvalue as soon as M is moved by mean curvature flow.

Observe that all assumptions we have made on r up to now are satisfied by the symmetric,
smooth function

r(s) == /1 —ays? — azst — ags®

for appropriate choices of the coefficients a;. Obviously, r(0) = 1 and »/(0) = 0. Moreover,
since 7(0) = —a; we choose a; = —cj¢q in order to satisfy (76). In addition to that we
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want to satisfy (79). Since r””(0) = —3a? — 12a, we accordingly choose ay = (—3cic3 —
2)/12.

Furthermore note that if we choose az > 0 there are points +z7 € R with r(—zg) =
r(zo) = 0 and r(s) > 0 for all —z¢ < s < zg. We set [ := [—x,20]. Then M is compact
and boundary-free.

It remains to check that M is smooth and convex for this choice of r. As to smoothness
it is sufficient to consider the points F'(—xq, ¢) and F(zg, ), respectively. Note that due
to the squareroot, r’(s) tends to £oo as we let s — Fzy. Thus the mapping F' indeed
parametrizes a hypersurface M which is smooth everywhere.

In order to prove that M is convex away from the points F'(0, ¢) we first show that M is
even strictly convex on | — xg, 2o[\{0}. Due to lemma 6.9 this is equivalent to hae > 0 for
1 = 1,2, since hyq is strictly positive everywhere.

We have r(—s) = r(s) for all s € I. Then, for reasons of symmetry, the function hgy :
s > hoo(s) is symmetric, too, that is hog(—s) = haa(s) on I. Since r is smooth, hgy has a
horizontal tangent at s = 0, and thus a local minimum because of e3(ez(hag)) =¥ > 0 at
p. Moreover, it is easy to verify that for our choice of r this is also a global minimum on
I. Thus we have hgys > 0 on | — zg, zo[\{0}.

Finally it also follows that M is convex at the points F'(—x¢,¢) and F(xo,¢) due to
continuity reasons. O
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7 Example II: Berger spheres

In this chapter we turn our interest to the second situation we have announced: In an
appropriate ambient space Ny, with nonnegative sectional curvature and which is not
locally symmetric, i.e. VR # 0, we construct a convex hypersurface immediately losing
its convexity when moved by mean curvature flow. However, in this case we only give a
local description of the surface, whence we end up with a slightly different conclusion as
in the hyperbolic space example.

In contrast to the previous chapter, a great deal of work is devoted to the introduction
and discussion of the three-dimensional ambient spaces we work with: the Berger spheres.
The present chapter therefore is mainly divided into two parts.

In the first part we solely concentrate on the ambient space. Basically, Berger spheres are
distorted 3-spheres endowed with a 1-parameter family of Berger metrics whose definition
is closely related to the so-called Hopf fibration of the 3-sphere S®. We therefore first
describe the Hopf map and the Hopf fibration. Then we define and closely examine the
Berger spheres, revealing their Lie group nature and relating them to S®. Furthermore
we provide a few important facts from basic Lie group theory. Finally we compute the
important differential geometric quantities of Berger spheres, such as the Levi-Civita-
connection and the curvature.

In the second part we start by examining the geometry of a natural submanifold of
codimension 1. Then, using a graph approach over this submanifold, we locally construct
a convex hypersurface losing convexity under mean curvature flow. Again, convexity is
meant in the sense of definition 4.1.

7.1 Hypersphere and Hopf map

Our goal in this section is to provide both topological and geometrical information about
the hypersphere or 3-sphere. We motivate the definition of the Hopf map and show that
it is an isometric submersion.

Definition 7.1. The 3-sphere S® is the set of all points in four-dimensional Euclidean
space with unit distance from the origin given by

S? = {(a,b,c,d) € R*|a* + b* + * + d* = 1}.
Identifying R* ~ C2, we may also write
S = {(21,22) € C*||z1]* + |22)* = 1}.
Let us describe important subsets of S3.

Definition 7.2. A (k-)subsphere of S® is the intersection of S* with a (k+ 1)-dimensional
vector subspace of R* for k = 1,2. A 1-subsphere is also called a great circle and a 2-
subsphere is called equator.

A fruitful way to understand higher dimensional objects like S3 is to use projections or
cross-sections of these objects to obtain lower dimensional pictures. In the following we
consider a special projection of S3, called the Hopf map. The Hopf map induces a fibration
of S3, that is a decomposition in non-intersecting great circles. This Hopf fibration, in
turn, gives rise to the definition of the Berger spheres we introduce later on.
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As the Hopf map is an interesting topic for itself, we will elaborate on it somewhat further
in this section. In particular we show that it is an isometric (or Riemannian) submersion
(see Petersen [13] for further references).

We start by considering mappings from R to S? given by
ts (€2, e zy),

for fixed (z1,20) € S°.

If we think of C? as a C-linear vector space, this is simply inner multiplication by elements
of St

Observe that these mappings define an action of S on S? by assigning to each e € R
the mapping ¢, from S* onto itself defined by

it (21, 22) — (€21, e"z), (z1,22) € S3. with Oty 4ty = Pty O Pty

Definition 7.3. The orbits of this action, that is the sets {(ezy,e2y)|e € S'}, are
called Hopf fibers.

Lemma 7.4. Hopf fibers are great circles and for every z = (21, z3) € S® there is a unique
Hopf fiber running through z.

Proof. Let z = (21,22) € S®. The Hopf fiber {(ez1,e"2,),t € R} lies in the one-
dimensional C-linear subspace V of C? spanned by z. Indeed it is just the intersection of
V with S3. V is uniquely determined and can be considered as a two-dimensional R-linear
vector subspace of R*, which proves the lemma according to definition 7.2. U

We thus can think of S® as a set (or fibration) of non-intersecting great circles, the Hopf
fibers. It is easy to see that by this structure we have given an equivalence relation ~pg
on S? by identifying all points lying in the same Hopf fiber. Precisely:

2 ~p 7 if and only if 2z = €2 for some t € R.

A natural idea is now to try to somehow project S? along its Hopf fibers onto some
two-dimensional object.

For this purpose let us consider the one-dimensional complex projective space P'(C).
This is the set of all equivalence classes of the equivalence relation on C*\{0} given by
2z ~ 2" if z = A2 for some \ € C. Restricted on S® C C?, this equivalence relation is just
the same as ~p defined above.

Definition 7.5. The natural projection m. with respect to the above equivalence relation
~ is a mapping

7. :C* = PY(C)

which maps each z € C? to the point m..(z) := Cz € P'(C) . It is called Hopf map when
restricted to S®.

Remark 7.6. The Hopf fibration is the analogon to the one-dimensional fibration of the
I-sphere S' C R?, which is induced by the restriction of the natural projection ¢ : R? —
PY(R) with ¢(z) := Rz on S*. Here the fibers are just antipodal points {p, —p} for p € S*.
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Remark 7.7. P'(C) is topologically identical with C = C U {oc}. Moreover, the stere-
ographic projection provides us with a tool to diffeomorphically identify S? with C. The
Hopf map thus can be thought of a diffeomorphism from S3 to S2.

The somewhat abstract definition of the Hopf map 7. : S* — P(C) ~ S? given above
can be made clear by choosing suitable coordinates both for S and S2. An appropriate
choice of frame additionally shows that it is a Riemannian submersion, as we demonstrate
in the sequel.

We may represent a point p € S® by p = (¢t sint, ¥ cost). This representation describes
the position of p € S® C C? by specifying its position in two affine subspaces parallel to
{c = (c1,¢2)|e; = 0} and {c = (c1, c2)|c2 = 0}, respectively. The sections of S® with these
subspaces are 1-spheres. This suggests a parametrization of S® by

D (t, e, e) s (e sint, e cost),
which describes the imbedding
®:10,7/2[ x S* x St — S3(1) c C2.

By this parametrization the 3-sphere is seen as some sort of twofold rotational surface.

The imbedding ® can be made isometric if we write the metric on S? as
g1 = dt* + sin® tdf? + cos® tdb3,

where df; are the standard metrics on the two 1-spheres. Obviously this metric, which is
a so-called doubly warped product, coincides with the standard metric on S® induced by
R4

Remark 7.8. The reason for the choice of these coordinates is the fact that on ]0, /2] x ST x
S1 the Hopf fibration takes the clear form

0 — (t, ei(91+9)’ ei(92+9))'

Our intention is to describe the Hopf map as a mapping S® — S2. We may even show that
it is a Riemannian (or isometric) submersion if we construct it as a mapping S — S 2(%)
Recall that an isometric submersion is a submersion whose differential at each point p
restricted to its cokernel is a linear isometry.

We now consider S?(3). The trick is to represent S?(3) in an analogous way as we
represented S3 above. A similar reasoning allows us to parametrize S 2(%) by

. 1 1 .
U (r,e?) — <§ cos(2r), 5610 sin(2r)) , rel0,m/2],
where the somewhat strange choice of coefficients will be explained later. Observe that

in these coordinates the induced metric takes the form

. 2 2
gy = dr? + waze?.

Now recall that we have defined the Hopf map as the quotient mapping of the equiva-
lence relation induced by identifying points on the same Hopf fiber. Notice that in our
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parametrization ® of S3 two points p; = (t1, €1, e2), py = (¢, €1, €"2) lie on the same
Hopf fiber if and only if #; — 0y = ¥, — ¥ and t; = t».

Hence the Hopf map can be written as the mapping S* — S?(1/2) with (¢, ei%2) —
(t, ell0r=02)),

In addition to that it is possible to find frames for S and S?(1/2) by means of which it
gets clear that the Hopf map is an isometric submersion. For this purpose we first note
that the vector field vy := 9y, + Op, is tangent to the Hopf fibers on S3. Evidently, the
vector field v; := 0, is orthogonal to it and has unit length. Next observe that we can
easily construct another vector field v, of unit length perpendicular to vy and v; namely

cos? tdp, — sin® tdy,

costsint

Vo =

By this construction we see that v; and v, span the cokernel of the Hopf map.

On the other hand we have an orthonormal frame on S?(1/2), namely

2

w; =0, and wy=——0,
! : 2 sin(2r) o
It is clear that the Hopf map takes v; to w; and
2 . 2 .2
cos® t0y, — sin” to), cos” r0y + sin” ro, 2
vy = 2R = ¢ 2 == Jp = wo,
costsint cosrsinr sin(2r)

which shows that it indeed is an isometric submersion.

Remark 7.9. The above considerations reveal that the geometry perpendicular to the
kernel of the differential of the Hopf map does not get affected. Only the direction along
the Hopf fibers “collapses”. This idea contributes to the definition of Berger spheres, as
we will see.

The next section points out another very important way to represent S°.

7.2 The hypersphere as a Lie group

In this section we characterise the hypersphere as a Lie group. For this purpose we give a
brief repetition of important notions from Lie group theory, such as left invariant vector
fields and integral curves.

7.2.1 Lie Groups

Recall that a Lie group G is a topological group with a differentiable structure such that
the group operations multiplication * : G x G — G and inversion ~! : G — G are
differentiable mappings.

From the manifold viewpoint, the tangent space T,G of GG at the neutral element e plays an
important role, since in addition to its vector space structure it also carries the structure
of a Lie algebra. We recall:
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Definition 7.10. An (abstract) Lie algebra is a vector space V endowed with a Lie
bracket operation [-,-] : V x V' — V, which has the properties

1. [z,2] =0 and

2. [z, [y, 2]] + [y, [z, z]] + [z, [z, y]] = O (Jacobi identity)

Remark 7.11. In the (special) case of a Lie algebra T.G belonging to a Lie group G, [, ]
is given by the restriction of the bracket operation on tangent vector fields of G to T.G.

7.2.2 Left invariant vector fields and metrics

There is a natural way to extend a metric g given for vectors in the Lie algebra T,G
of a Lie group G to the whole tangential bundle T'G' by taking advantage of the group
structure of G. First we provide the important idea of considering the tangent vectors at
e as left-invariant vector fields, that is, invariant under left translations.

Definition 7.12. Let GG be a Lie group and g € G. The mapping
Ly: G — Gwithh— ghforallheG

is called left translation by g.

Remark 7.13. By the fact that the group multiplication is a differentiable mapping,
it follows that all left translations L, are diffeomorphisms of G' onto itself, whence the
differential DL, is well defined.

Definition 7.14. Let G be a Lie group with neutral element e. A vector field X is called

left-invariant if the relation
X(g) = DLy(X(e))

holds for all g € G.

This definition shows that we may identify each left-invariant vector field with its value at
the neutral element e € G. Similarly, left-invariant vector fields enable us to extend met-
rics given on T.G: The left-invariant metric is the unique metric making left translations
isometric, as we see in the following

Definition 7.15. A metric g of a Lie group G is called left-invariant, if we have
9(X(p),Y (p)) = g(X(e), Y (e))
for all left-invariant vector fields X, Y.

With all this in mind, we describe the hypersphere as a Lie group in the next section.

7.2.3 The special unitary group SU(n)

We focus on a special Lie group, the special unitary group SU(n). Later it will serve as
a starting point for the definition of Berger spheres.

Let H be the four-dimensional space of quaternions in matrix notation. H is spanned by
the basis {F, I, J, K} with

10 i 0 0 1 0 i
SRR RN RN ]

which satisfy the relations I? = J? = K? = -1, [J=—-JI =K, JK = -KJ =1, KI =
—IK=Jand KI =—-IK = J.
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Remark 7.16. In contrast to the usual H ~ R* point of view we also can consider H as
the two-dimensional C-linear space H = C+ JC and consider its elements as 2 X 2-matrices
with complex components of the form

{(2 1) woect,

If we define the norm of such a matrix as y/|u|? + |v|?, where | - | be the complex norm,
it is easy to verify that the quaternions of norm 1 form a group with respect to matrix
multiplication. We define

Definition 7.17. The special unitary group SU(2) is defined by

SU(Q) o= {A < ngg((C)| det A = 1, A7l = At}

SR (AN TR (50

It is clear that as a set SU(2) is just S3. In the following we will therefore endow SU(2)
with the topology from S3.

It is well-known that the special unitary group SU(2) is a differentiable manifold. In
combination with the matrix multiplication it therefore forms a Lie group, as stated in
the following

Lemma 7.18. SU(2) with the usual matriz multiplication forms a Lie group with neutral
element e = E. The Lie algebra T,SU(2) is spanned by the matrices X1 = I, Xy = J,
and X3 = K.

Proof. Obviously SU(2) is a differentiable manifold parametrized by the matrix entries.
The matrix multiplication and inversion are well-defined and can be described by poly-
nomial equations involving the matrix entries and consequently are differentiable.

Thinking of H as a four-dimensional real vector space with respect to the (orthonormal)
basis {E,I,J, K}, SU(2) = S® simply is the hypersphere tangent to the hyperplane
span(/, J, K) at E. Thus T,S5U(2) = span(!, J, K). O

7.2.4 Integral curves and the exponential mapping

Before we further examine SU(2) we need to know how left-invariant vector fields explicitly
look like. Suppose we have given some Lie group G along with some vector v € T,G. Here
and in the following we will denote the corresponding left-invariant vector field by v and
call it the left-invariant extension of v. How does 0(p) look like for an arbitrary point
p € G? In other words, which is the integral curve of v running through p?

Definition 7.19. A curve ¢(t) is called integral curve of the left-invariant vector field X,

if
%c(t) = X(c(t)) = DLy (X (e)).

Once having found one integral curve ¢(t) for 0, it is easy to find others. In particular
the following lemma shows how to find the one leading through a certain given point p.
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Lemma 7.20. Let G be a Lie group and g € G. Furthermore let X be a left-invariant
vector field. Suppose that c(t) is an integral curve of X. Then gc(t) is an integral curve
of X as well.

Proof. 1t is

= (ge(t)) = DLg(%C(t)) = DLy(X(c(t))) = DLy(DLe(ry (X (€)))

= DLge)(X(e)) = X(ge(t)).
U

Consequently, d(t) := (c(0))"'c(t) is the curve leading through the neutral element e at
t =0, whereas pd(t) is the one leading through p at t = 0.

Corollary 7.21. Let X be a left-invariant vector field of SU(2) and A € SU(2). Then
X(p) =pX(e).

Proof. Let ¢(t) be the integral curve with ¢(0) = e and 2¢(t)|—o = X(e). Then
X(A) = X(Ac(t))li=o = DLa(X(c(£)))l=0

0 0
= - (Ac(t))|i=0 = A@(C(t))h:o = AX(e).

ot
U

We thus have a simple method to determine the values of a left-invariant vector field on
SU(2) by its value at e.

Example 7.22. A point p = (coste?t, sinte®) € S* may be written as
P = alE + GQI + blj + bQK c SU(Q),

where a; = costcosty, ay = costsinfy, by = sintcosty, and by = sintsinfy. We want
to determine the values of the left-invariant extensions of the basis vectors X;, X5, X3 €
T.SU(2). Due to X; =1, Xo = J, X3 = K and the relations [? = J? = K*= —-F, IJ =
—JI=K, JK=—-KJ=1, KI=—IK =J and KI = —IK = J, we find by the above
corollary

Xl(p) = CL1] — CLQE — blK + bg]
Xg(p) = CllJ + CLQK - blE - b2[
Xg(p) = CLlK - GQJ + bll - bQE

Later these relations will be particularly valuable in order to represent vectors in terms

of X;(p).

As far as lemma 7.20 is concerned, the question still remains how to find one first integral
curve, say, the one running through e. The answer to this question depends on the special
structure of each Lie group under consideration - since in our case we are particularly
interested in S = SU(2), we will focus on this Lie group now.
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Recall from the theory of ordinary differential equations that for square matrices M with

complex components the exponential mapping given by

(M)
k!

exp(tM) := fort e R

k=0

is well-defined, that is, the series converges to a matrix. Moreover, it is

0
5% exp(tM)|i—o = M.

It is easy to verify that exp(tM) € SU(2) for all t € R, if M € SU(2).

Accordingly, we have the following

Lemma 7.23. An integral curve through e of the left-invariant vector field extension X
of a given vector X € T,SU(2) is given by

t — exp(tX) € SU(2).

Remark 7.24. It is worth noting that the mapping F'y : R — SU(2) defined by Fx(t) :=
exp(tX) is a l-parameter subgroup of SU(2), that is, it is both a diffeomorphism and a
group homomorphism. The latter fact is due to the functional equation

exp((t; + t2)X) = exp(t1X) exp(t2X).

It can be shown that the 1-parameter subgroups of a Lie group are exactly the integral
curves of left-invariant vector starting at the neutral element (see for example [11].)

Remark 7.25. The above considerations give rise to the definition of the exponential
mapping of a Lie group G as a mapping taking vectors from the Lie algebra T,.G to G.
This exponential map is closely related to the well-known exponential map for Riemannian
manifolds - in fact for every Lie group there is a unique connection, the so-called left-
invariant connection, making all integral curves of left-invariant vector fields geodesic,
in which case the two exponential mappings are identical at e. Note, however, that the
Berger-sphere connection introduced in the next section does not satisfy this condition.

In the case of SU(2), the exponential mapping exp for Lie groups may be written down
explicitly. We have

Lemma 7.26. Let v = v'X; € T,SU(2) with (v')* + (v?)? + (v*)2 = 1. Lett > 0. Then
the image of tv under the Lie group exponential map exp : T.SU(2) — SU(2) € H is
given by

exp(tv) = costE +sint(v'] +v*J + v*K) € SU(2).

Consequently, exp is diffeomorphic fort € [0, x].

Proof. 1t is
2 3 4

t t t
exp(tv):E+tv+§”02+€vg+ﬂv4+...

where the powers of v are computed with respect to the matrix multiplication. Due to
the relations I? = J? = K?=-E, IJ=—-JI =K, JK = -KJ =1, KI = —IK = J
and KI = —I K = J the powers of v get periodic for increasing exponents, leading to the
asserted expression. O
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Example 7.27. As an application of this lemma we find that the integral curves of
the left-invariant vector field X; are tangent to the Hopf fibers. For this purpose let us
represent a point p € SU(2) by

[ cos tet  sinte 2
P=\ _sintei®> coste=i® )
Furthermore, the lemma yields that the integral curve of X; = I through F has the form

, 10 . i 0 e’ 0
QHCOSQE—FSIHQI—COS@(O 1)+Sln9(0 —z')_(O eig).

To determine the integral curve of X; through the arbitrary point p we invoke lemma
7.20 and find that it takes the form

0o [ cos te'  sinte= [e® 0\ [ coste!®+9)  gintei(6240)
—sinte®? coste™™® )\ 0 e ) \ —sinte!®*0) coste 01F0) |
Obviously this is exactly the Hopf fiber running through p (see definition 7.3). Hence the

vector field X is tangent to the Hopf fibers at any point p € SU(2). This fact contributes
to the definition of Berger spheres, as we will see in the next section.

Remark 7.28. We can turn SU(2) into a Riemannian manifold by assigning a left-
invariant metric to it. We can do this by demanding that the left-invariant vector fields
be an orthonormal frame. It is easy to verify that this choice of metric coincides with the
induced metric from R*.

7.3 Berger spheres and their geometry

Now the way to understand the idea of Berger spheres is straightforward. We have seen
from the Lie group viewpoint that at each point p € SU(2) a left-invariant metric can
be defined with respect to the basis X;(p), ¢ = 1,2,3, of T,SU(2), where X; are the left-
invariant vector fields corresponding to the basis vectors X; € T.SU(2), i = 1,2,3. Then,
changing to the hypersphere viewpoint, it turned out that X;(p) is always tangent to the
unique Hopf fiber running through p.

We also know that we have a Riemannian submersion, the Hopf map, which takes S? to
S? by simply thinking of each Hopf fiber as a single point. So why not performing this
process slowly by gradually shrinking the Hopf fibers from their original length down to
a single point? This, of course, can be done by deliberately varying the standard metric
of S? in such a way that all is kept the same except for the distances in direction of the
Hopf fibers. As X is tangent to the Hopf fibers and X5, X3 are perpendicular to it, we
simply have to shrink X;. This gives rise to the definition of the following 1-parameter
family of Berger metrics.

Definition 7.29. On SU(2) we define the 1-parameter family of Berger metrics ¢° at
p € SU(2) by

gi:l = 527 g§2:g§3: 17 gfj :07 Z#]a
with respect to the left-invariant basis X;(p), p = 1,2, 3, defined as above, and ¢ €]0, 1].
SU(2) endowed with the metric ¢° is called Berger sphere S2.
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Remark 7.30. By this definition we see that for £ = 1 we have the standard hypersphere
as in remark 7.28, which gets more and more distorted for decreasing ¢ and will finally
collapse as we let £ — 0.

An interesting question is what happens to the geometry of S® if we decrease . What
happens to the curvature and the geometry of submanifolds such as equators? For this
purpose we examine the Riemannian connection and the curvature of S2.

The following calculations will be performed with respect to the orthogonal, left-invariant
moving frame X;, ¢ = 1,2,3, which exists on all of SU(2). However, this setting has the
disadvantage that Lie-brackets do not vanish. In particular, since on SU(2) Lie-brackets
are computed by [X,Y] = XY —Y X itisat F

[Xi7 Xz‘+1] = 2Xi+27 (81)

where indices are mod 3 for reasons of simplicity. This can be readily verified using
Xlzj, XQZJandX?,:K.

Remark 7.31. According to the well-known Frobenius integrability theorem the non-
vanishing Lie-brackets imply that there is no 2-submanifold M of S such that X;(p),
X;(p), i # j, is a basis for T,M C T,5® for all p € M. This will be of importance later.

Consequently we do not have the situation as in local coordinates, and instead of com-
puting the connection via the (symmetric) Christoffel symbols, we have to employ the
Koszul formula which generalizes the definition of the Christoffel symbols:

Lemma 7.32. The Levi-Civita connection V of a Riemannian manifold (M, g) can be
computed at p € M by

29(VxY.Z) = X(9(Y,2))+Y(9(Z X)) — Z(9(X,Y))
+ g([X, Y], Z) - g([Y7 ]7X) +g([Z7 X]7Y)7
where X, Y, Z are (local) vector fields around p.

Proof. This is a direct consequence of the Levi-Civita connection being a derivation,
tensorial, torsion-free, and making the metric a parallel tensor. [

By means of this formula we compute (using the bar notation from now on to indicate
that S2 will later be interpreted as an ambient space):

Lemma 7.33. The Levi-Civita connection V of S is given by

?XlXQ = (2 — 62)X3, ?XQX;; = Xl, ?X3X1 = €2X2 and
Vi, X1 = —2X3, Vx,Xo=—-X1, Vx,X3=(?—-2)X,.

Proof. Direct application of lemma 7.33 and definition 7.29. 0

Furthermore, to compute the Riemannian curvature tensor, we cannot use the coordinate
definition, but instead have to work with the coordinate-free version

R(X;, X)X = Vx,Vx, X — Vi, Vx, Xy — Vix, x X = R, 1. X0

ij k

This formula yields by means of the above lemma and (81)
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Lemma 7.34. The Riemannian curvature tensor of S2 is given by
R(X1,X0)Xs =2Xy, R(X2,X3)X3=(4—-3%)Xy, R(X3 X)X, =¢"Xj,
whereas R(X;, X;)Xy = 0 if 4,7,k are all distinct. In this frame all components of R
vanish up to the usual symmetries, except for
Riziz =", Rogos =4—3¢", Rz = ¢

Proof. We compute for example

R(X].a XQ)XQ == ?X1?X2X2 - v.)(2?)(1)(2 - v[)(1,)(2])(2
= 0-Vx,Vx,Xo — 2V, Xy = £2X].

Finally we determine the components of the (4, 0)-tensor version by Rijx = Grm B U

Remark 7.35. By the formula for sectional curvature

R
KXoX) = iy
9954 Yij

we obtain for the sectional curvatures
K(X1,Xs) =¢?, K(Xy,X3)=4-3% K(X3 X)) =¢e%

Thus S? remains a space of nonnegative sectional curvature, however small ¢ might be
chosen. Therefore, if S? is an ambient space where convex hypersurfaces do not remain
convex, this must be due to the last crucial quantity in the evolution equation of the
second fundamental form, the gradient of R.

7.3.1 Local symmetry and distortion

As we have already seen in the last chapter, constant sectional curvature implies local
symmetry, or VR = 0. This is for example true for the hypersphere with sectional curva-
tures constant 1. The notion symmetric stems from the fact that for every Riemannian
manifold M with parallel curvature tensor at each p € M there can be found an isometry
I,, defined in a neighbourhood of p, such that DI, = —I on T),M, where I is the identity.
That is, I, is a local symmetry. Obviously, this is true for the hypersphere.

If now, however, the hypersphere gets distorted by the Berger metrics, it is obvious as
well that it will not be possible to find such local symmetries — the space is not locally
symmetric. In fact the gradient of R deviates from being zero more and more, the smaller
¢ is chosen.

Lemma 7.36. The components of the gradient of the (3,1)-version of R, which is a
(4,1)-tensor, all vanish except for

VaRi223 = V3Ris03 = 4e* — 4¢?
and symmetric components.

Proof. The result is obtained by an application of the formula
Vi Rijit = X (Rijit) — Ci Rt — Cpyj Riskt — CoppRijst — Cry Rijis,

m m

where Vx, X; = Cf; Xy according to lemma 7.33. Furthermore we have used the observa-

tion that X,,(R;jx) = 0 for all indices and everywhere on S? due to the left-invariance of

R;ji in the frame {X;}. O

Remark 7.37. Clearly, whenever ¢ < 1, it is [VR|? > 0.
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7.4 Constructing a hypersurface

The previous calculations have confirmed that the Berger sphere S2 with 0 < ¢ < 1
meets our demands on an ambient with positive sectional curvatures (remark 7.35) and
a non-vanishing curvature gradient (remark 7.37).

Therefore, having the important geometric quantities at our disposal, we are now ready
to construct a hypersurface M C S? which behaves the way we want. To this end we
basically follow the procedure used in the hyperbolic space example.

We start by deriving the conditions the surface M has to satisfy at some point p in order
to be convex at p and, at the same time, to have the property of losing this convexity
as soon as it is moved by mean curvature flow. Afterwards we show the existence of a
smooth graph hypersurface around p, which is is even strictly convex in a neighbourhood

of p. As a preparation for the graph construction, we investigate the geometry of a natural
submanifold of S2.

Remark 7.38. Without loss of generality we may choose py = E € S2, where E is the
neutral element in SU(2) = S3, that is, the identity matrix.

Remark 7.39. Since we do not construct a global hypersurface, but only a local one,
interpretations in view of theorem 4.14 are not as strong as in the previous example in
hyperbolic space. For further discussions we refer to the next chapter.

7.4.1 Conditions at F

For a surface M with ¥ € M we describe sufficient conditions for the way the tangent
space TgM has to be situated in TpS?, such that M loses its convexity under mean
curvature flow at F/, provided a solution exists.

For this purpose assume that M is immersed in S? in such a way that F € M. Let
e1,ey € TeM be a basis of TgM C TgS? and let ¢g € TeM be a choice of a unit normal
vector. Moreover let (¢f'), 1 = 0,1,2, a = 1,2,3 be the 3 x 3-matrix which represents e;
as a linear combination of the basis X;, X5, X3, that is

ei=cX, 1=0,1,2.

Furthermore suppose that the second fundamental form h;; of M satisfy hi; = hio =
ho1 = 0 as well as hyy > 0 with respect to the basis eq, e5, whence M is convex at E with
a null-eigenvector of h;;. We want to force h;; to immediately take a strictly negative
eigenvalue under mean curvature flowin order to destroy the convexity. To this end we
again invoke the Hurwitz criterion and show that det h;;, which vanishes at £, has a
strictly negative time derivative. We have

0 0 0 0 0
a(det hl]) = hllah22 + hzgahn — 2}1,12&}112 = hggahn <0 at E.

Due to hey > 0 it remains to force %hn to be strictly negative.

As usual we denote by g = ¢° the ambient and by g the induced metric. By means of the
matrix (¢f) the evolution equation (3.7) for hy; takes the form

9 _ L o
Ehn = Ahy + 2k R* %) — ¢ [ViRouk + ViRoi1k)
= Ahy + 2h2292l92k0?CfCZC(iRaﬁ75

g gl el [VaRaysy + Vo Roasy) - (82)
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Now let us consider a special case: Assume that ej,e; be orthonormal, or g;; = d;;.
Furthermore suppose that TgM C span(X;, X3). Since g is orthgonal, we may choose
eo = X3 as our unit normal. Observe that the angle ¢ between X; and e; thoroughly
determines how the e;-frame is situated in TpS2, as long as we agree that each basis
describes the same orientation of Tp M.

Accordingly, the matrix C' = (¢) takes the form

0 0 1
C=1| cosg sing 0
—singp cosp 0

In this case the terms in (82) simplify considerably. We have

PP GG Ragrs = Rional(6)*()? — 265¢1656] + (63)%(c4)°)
+ Rass((c2)*(¢))* — 2c5¢i 0] + (3)*(c1)?)
+ R ((2)*(c1)” = 2566501 + (3)*(c))?)
= (cos® ¢ +sin® p)?Rygip = &*

and
gkl del [VaRsysy + Vo Rgasy| = 8¢*(1 — €) sin ¢ cos .

Thus (82) simplifies to

0
&h” = Ahyy + 2hgee® 4 8% (e? — 1) sin @ cos . (83)
We see that indeed we may arrange that the right hand side of this equation gets strictly
negative by choosing ¢ < 1, ¢ €]0, 7 and hyy, Ahyy sufficiently small. As already men-
tioned, the Berger parameter € must differ from 1, since otherwise we would have a locally

symmetric ambient space, the hypersphere.

Remark 7.40. Observe that the crucial negative portion in equation (83) is contributed
by the last term, which stems from the V R-terms.

Based upon these considerations we now locally construct a graph surface satisfying all
conditions we have assumed.

Definition 7.41. A (smooth) hypersurface M of an n-dimensional Riemannian manifold
N is locally represented as a graph, if for all p € M there is a neighbourhood U of p in N
along with a diffeomorphism ¢ : U — V' C R™ and a smooth function f : R"! — R such

that U = ¢ ' (VN {(z1, ..., 201, f(z1,...,20))}).

Remark 7.42. Of course every smoothly immersed hypersurface is always locally repre-
sentable as a graph.

In view of this definition, the practical questions are how ¢ should be chosen, or, equiva-
lently, which natural submanifolds of N suggest to be employed as the underlying "base’
hypersurface

gb*l(V N {(SL’l, ey Ty, O), T; € R})

on the one hand, and, on the other hand, as the curves

o'V {(xy,..., 10 1,8), s €R}) for fixed zy1,..., Ty 1.
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7.4.2 The (F, I, J)-equator

Inspired by the local example we have constructed in the previous section we consider
the simplest hypersurface of SU(2) tangent to span(Xy, Xs) at E € SU(2), the (E, I, J)-
equator A

S? = S(QEJJ) = span(E,I,J) N S* = {(coste” sint)} € H.

In the sequel we are going to illuminate the geometry of S? in terms of the question
whether we can construct a promising graph over S2. In other words, we are particularly
interested in convexity or generally the second fundamental form.

Example 7.43. In the case that the Berger parameter is ¢ = 1, we know that great
circles are exactly the geodesics in S3. Since the metric on S? induced by S coincides
with the one induced from the ambient space H = R*, great circles are also exactly the
geodesics of the isometric immersion S? C S3. Thus, geodesics in S? are geodesic in S? as
well - the immersion is totally geodesic. This, in turn, means that the second fundamental
form vanishes everywhere on 52, see for example [2], proposition 2.9.

We first need a reference frame for S?. Considering the parametrisation
®: (t,0) — (coste” sint), te]—n/2,7/2[, 0 € [-m, 7],

we have the natural frame at p = ®(¢,6)

&(p): = %(p) = (- sintew,cost)
&p): = %(p) = (icoste®,0).

Let us from now on use the identification

61 int 62
0 . b coste sinte
(coste™ sinte™?) <> < i i1

—sinte 2 coste™!
Then we may rewrite the above frame as

&(p): = —sintcosdF —sintsinfI + costJ,
&(p): = —costsindF + costcosl. (84)

Since all crucial geometrical quantities of S? are known with respect to the frame (X;),
1 =1,2,3, we need a representation of &; in this frame.
According to example 7.22, we have at p = ®(t, 0)

Xi(p) = al —bE —cK

Xo(p) = aJ +bK —cE

X3(p) = aK —bJ+cl (85)

for a = costcosf, b = costsinf, and ¢ = sint.

Since &;(p) € T,S2, they are representable with respect to the basis X;(p), Xa(p), X3(p),
and the system of linear equations

fi:bquom Z: 172a
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must be solvable. In fact we compute by (84) and (85) that the coefficient vectors b; and
by of & and & in the above basis have the form

by = (0, cos b, —sin@) , by = (COS2 t, sintcostsinf, sintcostcos 0) .

Denoting the ith entry of these vectors by b for ¢ = 1,2, we find a normal vector field by
modifying the vector product A according to the metric g = g., that is, we have a normal
field 7 given by the component vector (0!, 72, 73) with respect to X, X», X3, where

25 = B2 — b3
R
7= bl — bl

To be precise, we have 7 = e %(cos? fsint cost + sin? @sint cost) = e 2sintcost. Simi-
larly, 7% = —sinf cos?t and 3 = — cos 6 cos® t.

Observe that at ®(0,0) = E we have 7! = 7? = 0 and ® = —1, that is, 7(E) = —X3.
We thus reverse the sign in order to match the situation in section 7.4.1. Therefore, since
|D|? = §(p, 7) = cos®t, we have a unit normal field given by v := —(cost)~1p.

Having all important quantities at our disposal, we now compute the second fundamental
form h;; with respect to the frame &;, £&,. We use the Weingarten equations (6) to find
hij = _g(v&'gjv V) = _g(v&(b?Xa)? V) = _g(fi(b?)Xa + b?biﬁvXﬁXw U)'

If we insert the values of the connection V computed in 7.33, we get for the second
fundamental form at ®(t, 6)

hij = —e> v' (&(b)) + B30} — b307)
— 2 (&) +bjbie® — b (2 — 7))
S () + B2 — ) — bR, (36)
where all quantities have to be evaluated at (¢,0).

Remark 7.44. Here the b¢ are interpreted as C°°-functions on S? C S2, to which the
vector fields & - thought of as derivations - may be applied. In particular we have

0 0
G07) = S 0(1,6) and &0 = 220 (1,0)

at p = ®(¢,0).

Since there are no further simplifications to be done (for example due to suitable symme-
tries), we find by a direct calculation based upon (86) that at ®(¢,0) we have the second
fundamental form

hll = h22 =0 and h12 = h21 = (82 - 1) COS3 t.

Remark 7.45. For reasons of completeness we mention that for ¢ = +7/2 the frame &,
&2 degenerates. In other words, we cannot immediately read h;; at the poles J and —J.
However, if we take the frame

£ =6, &= (cost)™'&,
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the components of h;; take the form
iLll - il22 = 0, ing = iLQl = COSQt(S2 — 1)

and we may, for fixed 6, let t — £7/2 in order to observe that |h;;| — 0, that is, h =0
at £.J. This result is in accordance with the fact that +.J are the only points of S(QE’ 1.7
whose tangent plane has no Xj-component, as one easily verifies. Consequently, in this
case the distortion of X; by e does not influence the fact that geodesics of S(ZE’ 1) Starting
at 4.J are also geodesics in S3, and the second fundamental form vanishes (compare with
example 7.43).

Since at E the (E, I, J)-equator is tangent to span(X;, Xy) C TgS? it is of particular
interest in view of section 7.4.1 to know h;; at E with respect to X;(E), Xo(E).

For this purpose observe that at E we have t = # = 0 and
G(E):=J=X, and &(F):=1=X;,
whence with respect to X7, X5 the second fundamental form takes the form
hii =hyp =0, hyp=hy =(*—1) atE.

Remark 7.46. By normalising and rotating the basis X7, X5 of T ES(QE’ 1,7) We can arrange
that h;; takes the form diag(ki,k2). In this way we can read off directly whether S? is
convex at E or not. Moreover, this is of special interest in view of section 7.4.1, where we
demand h;; to be diagonal at F.

Observe that by e ' X, X, we have given an orthonormal basis of TES(QE’ 1) If we rotate
this basis by the angle & = —7/4, we obtain the basis

V2

Yi = 871 sin %Xl -+ cos %Xz = 7(—571){1 + XQ)
2
Yo, = e lcos zXl — sin KXQ = £(5_1X1 + Xo),
4 4 2
in terms of which h;; takes the diagonal form ry = hiy = —(1—¢?) /e, ka = hgy = (e2—1) /e,

and hlg = h21 = 0.

Similarly one can prove

Lemma 7.47. The principal curvatures k1 and ko of the (E, I, J)-equator S(zEJ 5 C S3
have the form

k1 =¢ (1 —¢”)cos®t and Ky =e*(e*—1)cos’t
at ®(t,0) € Sl 1 -

Remark 7.48. This lemma shows that the (E, I, J)-equator S(2E’ 7.7) 18 non-convex in the
sense that the principal curvatures have different signs everywhere (except for the points
+J), if ¢ < 1. Therefore S(QE 1.5 does not satisfy the conditions of section 7.4.1.

72



7.4.3 Local graphs over S(zE,I,J)

In this section we use the following approach: It is possible to construct (local) graph
hypersurfaces of S? by assigning an angle v(p) to each point p € S* of some great circle
S and then moving p along the great circle through p perpendicular to S* by the angle
7(p). This method is generalized to graphs in SZ over S? | ) if we define

F(t,0) := cos(y(t,0))(cost(cos OF + sin01) + sintJ) + sin(v(¢,0)) K. (87)

If we suppose that v is a smooth function with values in |—x /2, /2|, F is a diffeomorphism
for t €] — n/2,7/2[ and 0 € [—m,m[. We denote the hypersurface parametrized in this
fashion by M. M can be thought of as a graph surface over S?E’ 1) where the graph

fibers are the great circles perpendicular to S(ZE 1)

We derive the conditions the graph function v has to satisfy at £ in order to match the
assumptions of section 7.4.1 on the one hand, and, on the other hand, to guarantee that
M is strictly convex in a neighbourhood around FE.

In section 7.4.1 we have assumed TgM = span(Xj, X3). Since TES(QEJ,J) = span (X, X5)
we clearly must set

oy oy
0,0)=0 d —(0,0)=—=(0,0)=0 88
10,00 =0 and  2(0,0) = 21(0,0) (35)
to make this assumption valid. We therefore assume these conditions to be satisfied
everywhere in the remaining text. We then have the follwing

Lemma 7.49. Let M C S? be the hypersurface described by the graph of v as above.
Suppose Tg M = span(Xy, Xo). With respect to the unit normal v = X3 at E, the second
fundamental form of M at E takes the form

0%y 0%y 0%y
el _9 hio = hor = —1 4+ % —
o2 g5z (0:0) 2 = hay T B0

with respect to & = Xg, & = X1 € TeM.

hll - (07 0)7 h22 = (07 0)

Proof. Let the coordinate vector fields given by

§i(p) = %—I;(p) and  &(p) == %—g(p) at p=F(t,0) € M

be our reference frame, which we want to express in terms of the left-invariant basis {X;}.
For this purpose we invoke example 7.22, showing that we have at p = F'(t, )

Xi(p) = al —bE —cK+dJ
Xo(p) = aJ +bK —cE—dI
X3(p) = aK —bJ+cl —dE (89)

with a = cos(y(t,0))costcosf, b = cos(y(t,0))sinf, ¢ = cos(y(t,0))sint, and d =
sin(~y(t,0)), where the choice of coefficients follows from (87).

If we write down the & in terms of E, I, J, K, we can express the inner frame {;} in terms
of the ambient frame {X,}. As one easily verifies, we get the expressions

&=0X, forv=1,2
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with

bl = —a—Zsint—i—costsin’ycosv
I @costsiné—i-cochosz + sintsin 6 i
T ~ 4+ sint sin 6 cos y sin y
= @costcose—sinﬁcos2 + sint cosf i
T ~ + sint cos 6 cos y siny
Oy
by = sint 4 cos? t cos®
2 89 Y
2 = D costsing+ costsint sing tcos
2 = 3 costsin + costsintsinf cos? v — cost cos f cos 7y sin y
0
by = 8_g costcos ) + costsint cos @ cos® v + cos t sin § cos v sin .

Taking into account (88) along with ¢ = 6 = 0 at E it follows in particular that we have
51 = X2 and 52 = X1 at E,
which allows us to choose v := X3 as the unit normal at E.

We now compute h;; according to (86). However, this formula demands that the deriva-
tives of the b$*’s be computed. These terms get very lengthy and reasonable simplifications
cannot be done; we therefore restrict ourselves to displaying the results without showing
the computational details. Nevertheless it is straightforward to verify the calculations.
We have for t =60 =0

_ 9 0%y _ 0 0%y
3 3 _ 3 i 3

0 827 _ 0 827
3y — ~ 13 3 3

whereas all other derivatives vanish.

Since b = 0 at F except for b3 = b} = 1, and since v! = 1> = 0 and v® = 1, the formula
(86) yields the assertion. O

Our aim is now to choose the first derivatives of v in such a way that we get the situation
described in section 7.4.1. In particular we have to determine the angle ¢ by which the
basis making h;; diagonal is rotated with respect to the above basis &1, . For this purpose
we provide the following

Lemma 7.50. Let h : TgeM x TgM — R be the second fundamental form of M at E.
Let h;; be its components in terms of a basis {e;}, i = 1,2, which is orthonormal with
respect to some inner product g. Furthermore let A be the corresponding self-adjoint
endomorphism Tg M — Ty M with eigenvalues k1, ko belonging to the eigenvectors vy and
Vo, respectively.

SUppOS@ that hll > O, hlg = h21 < 0 and det hij = h11h22 — h%Q = 0.
Then we have k1 = 0 and ko = h11 + hoe > 0 and the angle ¢ between vy and ey given by
v1 = (cos e + sin pes)||v1 ||

satisfies
hi1

Vhiy + hi

4

© = arccos €)0,7/2[.



Proof. Since {e;} is orthonormal, A is represented by the matrix

hir bz
hor hag)
Then the characteristic polynomial p4 of A has the form

pa(k) = K® — k(hi1 + hao) + hathay — h%g =K — k(hi1 + ha),

and the equation pa(k) = 0 has the solutions k1 = 0 and Ky = hy; + hoy. From hgy =
h%,/hi; > 0 it follows kg > 0.

Moreover, the eigenspace corresponding to «; = 0 is given by Ruv;, where

_ (hiy/hn
V1 = ( —h12 .

Since —hys > 0, both components of v; are strictly positive. Thus ¢ €]0,7/2[. Further-

more we have
9(01, 61) hi1

\/9(”1:”1)9(@1761) - \/h%l + h%Q'

cos p =

O

In order to apply this lemma in the case of the tangent space Tp M we first represent h;;
in terms of the orthonormal basis e; = ¢71 X, es = X5 of Ty M, which is according to
lemma 7.49

20
902

_9
o

0%y )
otol’

hll = —c hgg = h12 = hgl = 5_1(—1 + 62 —
Then it is evident that by a suitable choice of the second derivatives of v (which may
depend on ¢) we can arrange that the conditions of the lemma are satisfied. Furthermore

we may clearly force ¢ to take any value in |0, 7/2[.

Observe that if the lemma applies we automatically have the situation described in section
7.4.1. Starting with the above orthonormal basis e;, e; we rotate it by an angle ¢ €]0, 7/2[
in order to find the basis v;, v, in terms of which h;; gets diagonal. Recall that in this
case we have found that with respect to vy, vy the evolution equation of hy; at E takes
the form

0

ahn = Ahyy + 2hge® 4+ 8% (e? — 1) sin ¢ cos ¢, (91)

which we want to take a negative value.

As the last term in (91) contributes a strictly negative value, we have to keep Ahyy and
hoo small enough. The Laplacian of h;; involves third partial derivatives of v and will be
cared for later on. However, the following example demonstrates that it indeed is possible
to find a good choice for ¢ and the second partial derivatives of v at E satisfying the
conditions of lemma 7.50 of v at F, which makes the whole right hand side negative,
while neglecting the Laplacian term for the moment.

Example 7.51. If we set at

1 1 1 5)
€= 57 61;2757: _Za 89267: _E7 8397: _ga
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we have in terms of the orthogonal basis e 71X, X,

1 —1+¢e?— 0%y 1
hip = — 205y =~>0 and hyp = 0o =—-<0
11 € 007 1 aln 12 - 1 )
and since hgy = —0%y = 1/4 we have hijhay — h?, = 0. Thus the conditions of lemma
7.50 are satisfied and we conclude
h 1
cos p = — - —\/5,

Vhii+hiy 2
yielding ¢ = /4 according to the lemma. Moreover it follows k1 = 0, ko = hy1 + hoy =

1/2. With cos ¢ sin ¢ = 1/2 we find that the right hand side of (91) without the Laplacian
gets strictly negative, according to

1 3 11
2kge® + 8% (e — 1) si =— ——-=-—x<0.
Koe" + 827(e ) sin ¢ cos ¢ 6 1 16
Having seen that our graph approach indeed admits choices of v which imply the desired
behaviour of M at E, there now remain two questions to be checked:

Firstly, whether we can extend 7 and thus M around E (at least locally), such that M is
strictly convex away from F.

Secondly, whether the Laplacian of x; at E can be made sufficiently small in order to
ensure that we indeed have 2/, < 0 in (91).

7.4.4 Conditions involving higher derivatives of ~

These two questions will lead to conditions involving third and fourth derivatives of ~.
Since expressions will get quite complicated at some stages, we will not always perform
calculations up to the last detail; we rather discuss existence aspects instead of giving
explicit examples.

First we provide some useful results.

Lemma 7.52. Under the assumption (88) the induced connection V of M given by the
Christoffel symbols Ffj gets trivial at E, that is, Ffj =0at E.

Proof. It is a fact from differential geometry that the induced connection V of M given

by the Christoffel symbols Ffj, which base on the induced metric g;;, can also be obtained

by projecting the ambient connection V onto T'M. Concretely, if 77 is the projection of
7,53 onto T,M along the orthogonal complement of T,,M, it is

e s
v&fj =n (v&éj)v

where the éz are smooth local extensions of the &. The equation is independent of the

actual choice of the extensions.

We have §; = X, and § = X; at E. Moreoevr, according to lemma 7.33, none of
the Vx, X, for i,j € {1,2} have any components in span(X;, Xs) = TgM. Thus the
projection vanishes and it follows

Ve& =0 fori,je{1,2},
whence the Christoffel symbols vanish, too. O

As a consequence we get a simple formula for the Laplacian of h;; at E.
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Lemma 7.53. It is

Ahij = g" [6(&(hij)) = &5 s = &(Ti)him] — at B,
where all quantities are expressed in terms of {&;}.

Proof. Tt is Ah;; = ¢"*V,Vihi;. According to the definition of covariant differentiation of
general tensors we have

ViVihi; = §(&k(hij)) — &) humy — fl(FZ})him + terms involving FZ

The terms involving Ff}- vanish at F due to the lemma above. The assertion follows since
glj:OatEforz#j O

Remark 7.54. Despite of the considerable simplification of the formula for Ah;;, there
still are derivatives of Christoffel symbols involved as well as second derivatives of h;;.
These terms get very complicated and we therefore restrict ourselves to the question of
existence rather than giving explicit examples.

Example 7.55. We continue with example 7.51. We have found a choice of the second
derivatives of v at F such that there is an orthonormal basis e, e5 of TgM in terms of
which we have hy; = 0 and hyy > 0, as well as hiy = hy; = 0.

We now may additionally assume that we have normal coordinates é; at E with e;(E) =
é;(E). Since the Laplacian of h;; is tensorial in both indices, we may simplify the com-
putation of Ahy; by means of these coordinates. Similarly to the above lemma we get

Ahyy = ¢ [E(E1(h11)) — E(TT ) hynt — E(T7) i) at E,
where all quantities are meant in terms of €1, ;. Due to hy; = his = 0, this simplifies to
Ahll = él(él(hll) + ég(ég(hll) at F.

We thus will have succeeded if we manage to arrange that €;(é;(hyy) + é2(é2(h11) < 11/16
according to example 7.51.

Using the coordinates chosen in the example we now turn to the last condition we want
~ to satisfy: We want to guarantee convexity of M at least in some neighbourhood of E.

For this purpose first observe that hoy > 0 at E remains so in a neighbourhood U; of F
due to continuity reasons..

Convexity of M is equivalent to h;; being positive definite. According to the Hurwitz
criterion, this, in turn, is equivalent to hgy > 0 and det h;; = hi1hos — (h12)? > 0. We
have to care for the latter condition. At E it is det h;; = 0. We therefore force det h;; to
have a local minimum at E, which is the case if at E the conditions

Vék (det h”) = ék(det h’U) =0 <~ ék(hH) =0 for k= 1, 2 (92)

and
Vs, Ve, (det hyj))o" vt > 0 for all vectors v = {vF} € TpM (93)

are satisfied.
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As to the latter one, due to h1; = h1o = 0 at E we have

Vék Vgl (det hz])) = ék(él(det hl]))
= hoér(€1(h11)) + €x(hi1)éi(haa) + €/(h11)éxk(haz) — 265 (hi12)é1(hi2),

and if we assume condition (92) to be valid, we have
ék(él(det hz])) = hggék(él(hn)) — Qék(hlg)él(hlg).

Assume additionally éx(hi2) = 0 for k = 1,2. Then (93) is satisfied as long as éx(&;(h11)) >
0 for k,1 € {1,2}. Observe that this is in accordance with example 7.55 in that it is still
possible to keep Ahy; small enough to guarantee %hu < 0.

Accordingly, we have to show that it is possible to choose the third and fourth partial
derivatives of 7 at F in such a way that in addition to the conditions for the second partial
derivatives of v derived in example 7.51 we have at F

ék(hll) =0 and ék(hu) =0 fork= 1, 2 (94)
and
ék(él(hn)) >0 for k’,l S {1, 2} and él(él(/’ﬂl)) + ég(ég(:‘il)) < 11/16 (95)

For this purpose first observe that in a neighbourhood of E we can express the frame
{é;} in terms of the coordinate frame {¢;} by means of the matrix A%, whose components
smoothly depend on the point p:

éi(p) = A;(0)&;(p)
At E we then have
ek(h(ei &) = Ve, h(ei, &) = Viane (A&, ATER) = AiVe, (ALATh(E, Em))
AAATV e (&, Em) + AR (ALAT)D(E Em)
= AFAATE(M(&, &m)) + P(ASE(AT), hig),
where P is a quantity only depending on A;, &i(AF) and hy;. It is easy to verify that

these quantities involve derivatives of v only up to degree 2 and thus are already fixed
according to example 7.51.

The terms &, (h(&,&m)), however, take at E the simple form
gn(h(fhgm)) = _gn(fl(gm(/y))L

which can be verified by a direct calculation based upon equation (86). It is therefore
evident that there is a suitable choice of the four different third derivatives of v at E
satisfying the four conditions of (94).

Furthermore, the second derivatives of h;; at £ are all expressions of the form

£ (En (&1, €m))) = —&4(€n(&i(ém(7)))) + lower order terms,

as a direct calculation shows. Then, similarly as above, it follows that condition (95) can
be satisfied by a suitable choice of the fourth derivatives of v at F.

Thus we have seen that it is possible to ensure the desired behaviour of M in a neigh-
bourhood of E by knowing the Taylor series of v up to fourth derivatives at E, which is
summarized in the following
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Theorem 7.56. Let M be a smooth hypersurface given as a graph v over S(2E,1,J) C Sf/Q.
Assume v(0,0) = 0 and suppose that the partial derivatives of v at (0,0) are fized up to
fourth degree according to our considerations above.

Then M s convex in a neighbourhood around E. Furthermore, M loses its convexity as
soon as it is moved by mean curvature flow.

Remark 7.57. A next step would be to find an explicit global example for v and, conse-
quently, for the whole hypersurface M. The existence of such a function v is very likely.
However, it is rather difficult to explicitly construct such an example, as the terms in-
volved get huge. For example, when trying to satisfy the assumptions made in section
7.4.1 we cannot simplify things as in the last chapter by directly working with a graph
function v which only depends either on ¢ or on #. Rather we need the possibility of
suitably fixing all three different partial derivatives of (¢, ). One thus has to find other
tools in order to at least show the existence of an extension of our local hypersurface to
a smooth global closed surface. This, however, would go beyond the scope of this work.
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8 Conclusions and interpretations

In the following we draw basic conclusions from the results of the last two chapters and
give a brief discussion about possible interpretations.

The last two chapters have shown examples where - in contrast to Euclidean space - in
general Riemannian manifolds proper convexity is mot preserved under mean curvature
flow. In view of the terms occurring in the evolution equation for the second fundamental
form which involve the ambient curvature and its gradient, it is fair to expect this result.
The evolution equation, namely, governs the behaviour of h;; under mean curvature flow,
which, in turn, determines if a surface is convex or not. Therefore it is suggested that both
the ambient curvature and its gradient might work against the preservation of convexity
by influencing the evolution equation in a bad way.

By separately considering two examples with different ambient spaces we additionally
have shown that indeed each of these quantities - both the ambient curvature and its
gradient - can destroy original convexity of the surface.

In view of the question if the convexity theorem we have proved in chapter 4 can be
improved or not, these considerations strongly suggest that a crucial improvement is not
possible. In other words, we have always to assume that the ambient space has bounded
curvature and curvature gradient, and it is inevitable to take these bounds K; and L into
account when looking for a modified convexity condition to be preserved.

The hyperbolic space example immediately refers to theorem 4.14 by providing a closed
hypersurface. The Berger sphere example, however, has the disadvantage of only yielding
a local description of a convex hypersurface, and we do not know whether it indeed can
be extended to a smooth closed hypersurface. On the other hand, it allows the conclusion
that if there was a local version of theorem 4.14, or, alternatively, if there was a proof only
using local arguments, we then definitely would have to include the bound L. Observe
that the proof presented in chapter 4 involves the fact that M is boundary-free to make
the maximum principle apply. This is, however, the only argument referring to global
properties of the evolving surface. It is therefore fair to assume that there is another
proof only based on local arguments - possibly under slightly different circumstances.
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9 Appendix

We give the detailed proof of lemma 5.13.

Proof. We proceed in three steps. In the first step we derive an inequality for the Laplacian
of f,, which we integrate in the second step. We integrate by parts and estimate each
term. In the third step we complete the proof by employing relation (35) and the Young
inequality.

Step 1:
We derive an inequality for Af,. We already have computed Af, in (41). Moreover, it
follows from (43)

w (VH,V f,)
22%1 (VIAP,VH) - %MIQWHIQ L2 _;‘gf —\wmp
Adding this equation to (41) and reorganizing terms yields
Af, = HA’A‘QH_aﬂAPAH 2= - Q- QAH_HQH (VAP VH)
i T
+ S zé’i_ %) IVH]? + o + 1)11[T|+22\VH|2
2t apwnp - 2w vy, (90

The intention is to avoid terms involving |A|?, V|AJ?, or A|A|?, since the desired estimate
only contains f,, H, and their respective gradients.

For this purpose we rewrite A|A[* by means of relation (9), which is a corollary of Simon’s
identity for the Laplacian of h;;. However, we are not interested in how exactly the ambient
curvature terms contribute to A|A[?, and we may weaken the information of (9) to the
estimate

—A|A\2 (hij, ViV H) + |Vihi|* — |A* + HhY hy b, — CH? — C,

where C' depends on the bounds K7, K5, and L of the ambient curvature and the dimension
n. For reasons of simplicity we comprise the quantities which contain h,; and no second
derivatives by

Z = Hh" hyhl, — |A]*.

If we apply the above estimate to (96), we obtain that expression [1] of (96) is less than
or equal to

= (R viij> 2yl + —Z
2 2—a CH*+C
+ &ﬂﬂhl—nHuA“H—HV”)AH‘“—jir—- (97)

*O‘/\I,{'fcr
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Observe that here we have replaced h;; by the traceless second fundamental form izij =
hi;j — H/n - g;; via the relation

. H
(hij, ViV H) = <hij, viij> + —AH,

a step which is due to the fact that |ﬁ,]| can easily be estimated, as we will see.

Moreover, if we rewrite expression [2] of (96) by means of lemma 5.5 and combine this
with (97) and (96), we finally obtain the inequality

~ 2 e 2

N <hij,vivjﬂ> + 28— o fAH + — +2|Hv hit — hViH]|
(2—a)(a—1) s  2(a—1) CH*+C
7 (L S V) Sy

Omitting the nonnegative terms of the right hand side eventually completes step 1 and
yields the inequality

2 /- 2 a 2(a — 1) CH?*+C

Ao > = (b ViViH ) + 222 — S0 = S (VH, V) - =
f. > Fa i» ViV +H°‘ Hf I (VH,V f,) TTa
Note that now there are only terms occurring which involve H, f, and their respective
first and second derivatives. Z, however, is a quantity still involving h;;, which we will

care for later on.

. (98)

Step 2:

We multiply (98) by fP~! and integrate. Since M; has no boundary, there are no boundary
terms occurring if we perform integration by parts. In particular we will demonstrate this
for the most important terms of (98). We have

[ratdn=—o-v [ 129 sP (99)
M, My
and
- Bt 9
/ AHd,u——/ (Vf,, VH) du+/H2|VH] dj. (100)
M, My

Furthermore, we compute by means of the Codazzi equations (lemma 2.5)

. ~ 1 ., .
kgﬂvk <hij) ViH = glkg]llevkhij - Eglkg]llevk(Hgij)

_ 1 . _ 1
= ¢*¢"V,H(V hi + Roiji) — —nggjlnglHVk = |VH|* + ¢'V,HR,,* — E|VH|2

and thus get

p—1 p—1
/{;’I—a <hij,viv]ﬂ> dy = /g“fgﬂ (J;{ hi )ledu
My

M
152 15, St
= _<p_1)/ﬁ<hijavifij> dp + « Tratl <hU,VHV H>d
My M
fp ' 2 fp ' g
- o |VH[" dp — ViHR,,; dp. (101)

My
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Using (99),(100), and (101), we rearrange terms and derive from (98) the inequality

9 p-1
0 > (p—1)/f£’_2|Vfal2du+/ﬁZfé"lduﬂL(ap—2a+2)/f‘}{ (Vfr, VH) dp
o M, B M, M ,
m 2
ot s 2(n—1) [ fot 12
+ 2(1/Ha+1 <h,],VZHV]H> d,u— He |VH|2dlu—Oz m|VH|2d,u
. J R M, M, ,
B P
fp 2,
= 2p-1) [ 2 (b Vs )
M, |
B
p—1 CH?+C
- /f JZVZHROSJSd/L /fp ! H+ ,u (102)
16 il

Now from 0 < f, < H**® and o < 2 it follows that the absolute value of [4] may be

estimated from above by
fo 2
4 | ==—|VHI|"dpu.
/ o VA dp

To estimate the terms involving hy; we utilise that |h|? = |A]? — H?/n = f,H* < H?.
From this we get by the Cauchy-Schwarz inequality that the absolute value of [3] is
bounded from above by

p—1
s flaﬂ s | [V HV S H| dpp < 4/ Jo_ d.
M, =7 —|VH? M

Both term [2] and term [5] involve a product of V f, and VH. Since we want to control
the amount by which each quantity contributes to the estimate to derive, Chauchy’s
inequality with n (53) is a good means. We use it to estimate the absolute value of term
[2] from above by

D [ L9 vH < L v A
- AVHI < =) o [ ZVER - [ 298
Mt

(103)

Here we have used f, < H*~* and the choice a = f,|VH|/H and b = |V f,| in (53).
Finally, setting a = |hy;||VH|/H® and b = |V f,| in (53), we estimate the absolute value
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of term [5] from above by

fp 2
20p—1) | ZZ—|hyl|V £ || VH| dp
My
< (p—1 15 PV HE P2y £ |24
< (p—1)|n Hgalm\l Iu+n P2V fo |7 dp
L M My

p—1
= (p—1) n/f \VH|* dp + ~ /fp AV fo P du|

My

where we have used |hy;|* = f, H®.

As to the two last terms [6] and [7], we evidently may estimate term [6] by
C ;! U
2 __|VH|d

with C' = C(n, K1, K3) (see remark 5.8).

Since H > Hyin(0) for all t € [0, we may replace H* by (Hupin(0))* in term [7] and
estimate it from above by

C / H2 P dp.

Observe that this C' also depends, in addition to K7, Ky and L, on Hyi,(0).

Altogether we obtain by collecting terms and omitting the nonnegative term [1]

Z p—1
/mfé"ldu < (mp—1)+4) /f IVHdp+ 22— ; /fp 2\ f,|* du
Mt Mt

1]
f
+ C/%|VH]du+O/H2f§‘ldp, (104)

Mt Mt
N 7 7
-~ -~

(2] 3]

where C' depends on n, K, Ky, and Hy,,(0).

Step 3: It remains to estimate terms [1] to [3] of the above inequality. As to term [1], we
show that the relation

Z >ne?H*™ f, = ne? H*(|A]* — H?/n)

holds everywhere on M, for 0 <t < T.

For this purpose we choose an orthonormal basis at p € M, such that h;; = diag(k1, ..., Kn).
Since we have assumed that condition (35) be satisfied for 0 < ¢ < 1/n, we derive that
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hij Z EHgij on [O,T[ Then

7 = <i/@> (i@’f) (Z:-) :g Kik + KRS ;252 K2

= Z Kty ( 2> HY (ki — k))? = ne?H(|A]> — H?/n).

1<J 1<J
Thus

p—1 -1
L RUEE = e NI

ne® [ fPH?dp < (n(p—1)+4)
/ /

p—1
- C/]};a |VH|du+O/H2f};‘1du.

Mt Mt

Now consider terms [2] and [3] of (104). Obviously they can be absorbed by other occurring
terms if we slightly adjust the powers. We do this by means of Young’s inequality, which
is given by

g 1 1
vy < (P + ¢yt forC>0and]—9+E:1.

By means of this inequality we estimate

C/fp 1|VH|dp < Cg/fp 1|VH|2d +O¢C /fp :

My

p—1
gcx/%gwmwwummm@ramm+/ﬁw

My

and

C/H2f§1 dp < CC/H2f§du+C§p/H2du.
M, M,

Here we have used |M;| < |My|. The assertion follows for appropriately small choices of
C. O
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