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1 Introduction
In this work we consider hypersurfaces moving by their mean curvature in general Rieman-
nian manifolds. In particular, we focus on convex surfaces and examine their behaviour
in view of the question under which circumstances convexity is preserved.
Originally, mean curvature flow has been studied by Brakke [1] from the viewpoint of geo-
metric measure theory. Other authors have considered evolutionary surfaces of prescribed
mean curvature, such as Ecker [3] or Gerhardt [5]. This research was partly motivated
by practical reasons: A typical physical process which can be modelled by evolutionary
surfaces of prescribed mean curvature is the behaviour of grain boundaries when pure
metal is annealed.
Mean curvature flow of is a special case among a variety of more general deformation laws
for hypersurfaces. The general case is given by a one-parameter family F : M × [0, T ] →
(N, ḡ) of hypersurfaces Mt = F (·, t)(M) satisfying the initial value problem

∂F

∂t
(p, t) = fν(p, t), p ∈ M, t ∈ [0, T ],

F (·, 0)(M) = M0. (1)

Here ν(p, t) is a choice of unit normal at F (p, t) and F (·, 0) a smooth isometric immersion
of M into N . Moreover, f is a homogeneous, symmetric functions f = f(κ1, . . . , κn)
of the principal curvatures κ1, . . . , κn of Mn at p governing the velocity by which Mt is
moved along its unit normal at p. In the special case of mean curvature flow one chooses
f to be the negative mean curvature, that is f = −H = −

∑n
i=1 κi.

Other interesting choices of f yield the inverse mean curvature flow (f = (
∑n

i=1 κi)
−1),

the harmonic mean curvature (f = −(
∑n

i=1 κ
−1
i )−1) and the Gauss curvature flow (f =

−(κ1 · · ·κn)). Studying these flows is important in view of the various applications both
in differential geometry and mathematical physics such as general relativity. Techniques
both from differential geometry and the theory of partial differential equations are required
to deal with the topic.
Among the above flows, mean curvature flow has been most completely understood. This
is largely due to the fact that it can be expressed by a quasilinear parabolic system of
second order. One therefore has the possibility of applying parabolic techniques such as
the maximum principle, which is a powerful means to give global statements about the
flow.
In 1984, Huisken [7] has thoroughly discussed the mean curvature flow of closed (i.e.
compact without boundary) initial hypersurfaces M0, which are smoothly immersed in
Euclidean space and are at least two-dimensional. Such a surface M0 is called uniformly
convex, if all eigenvalues of its second fundamental form are strictly positive everywhere.
We then write

hij > 0 everywhere on M0. (2)
Basically, Huisken has shown that uniformly convex surfaces contract to single points in
a finite time interval while more and more taking the shape of a sphere. As an important
minor result of his work one obtains that convexity of the surface is preserved during the
flow - a topic we will particularly elaborate on in this paper.
Huisken extended his considerations to general Riemannian ambient spaces in his 1986
paper [8]. These results reveal a very direct interplay between the geometric properties
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of the underlying ambient space N and the behaviour of the evolving hypersurface Mt.
In contrast to Euclidean ambient space, the preservation of convexity can not be taken
for granted anymore. Rather the notion of convexity has to be adapted to this setting,
taking into account bounds of the ambient curvature. To be precise, the initial surface
M0 now has to satisfy the condition

Hhij > nK1gij +
n2

H
Lgij everywhere on M0, (3)

where −K1 ≤ 0 is a uniform lower bound for the sectional curvatures of N , and L ≥ 0
is a bound for the gradient of the ambient Riemannian curvature tensor with |∇̄R̄|2 ≤
L2. Only a preservation of this “modified” convexity can be guaranteed in the general
Riemannian setting.

Our goal in the present paper is to discuss Huisken’s theorem concerning the preservation
of convexity as given in [8]. For this purpose we not only present its proof along with a
detailed introduction to the topic, but also discuss its rigidity by giving two examples.

The paper is therefore basically divided into two parts: In the first part we develop the
preliminary theory and afterwards prove the convexity theorem. Additionally we devote
an extra chapter to another result of [8]: The pinching of the principal curvatures. This
is an important statement on its own, which provides another very interesting piece of
information about the behaviour of the second fundamental form and thus has been chosen
to be included. As we are interested in the influence of the ambient curvature, we base
all considerations on the general Riemannian setting. In [8], however, this general case
occurs as a generalization of the Euclidean setting treated in [7], which is why much of
our work consists of discussing the details which Huisken has omitted in [8].

In the second part of the paper we deal with the question if the convexity theorem proved
in the first part might be improved. We give two examples suggesting that it is inevitable
to modify the notion of convexity in order to guarantee its preservation. Each of them
focusses on the respective occurrence of the additional term involving K1 and L in (3).
In each case we choose ambient spaces with either K1 > 0 and L = 0 (first case) or
K1 = 0 and L > 0 (second case). Then we show that there can be constructed a smooth
initial hypersurface M0 which is convex in the sense of (2), but which loses its convexity
immediately when moved by mean curvature flow.

In the first example we consider rotational 2-surfaces in three-dimensional hyperbolic
space, which has negative sectional curvature (K1 > 0) but is locally symmetric (L = 0).
We construct a compact convex hypersurface without boundary losing convexity as soon
as moved by mean curvature flow.

In the second example we give a local description of a hypersurface which is convex at
least on a small domain but loses convexity when moved by mean curvature flow. For
this purpose we choose a family of distorted hyperspheres, the Berger-spheres, as ambient
spaces and use a graph approach to locally construct 2-submanifolds. We demonstrate
that in a neighbourhood around some point p we get the desired behaviour by suitably
fixing the first few members of the Taylor series of the graph function.

As a preparation for this we describe the Hopf map and the Lie group structure of the
3-sphere, both of which motivate the definition of Berger spheres. Moreover, we provide
several important facts from the theory of Lie groups.
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The two examples strongly suggest that Huisken’s convexity theorem cannot be improved
and that both the bounds of the ambient curvature and its gradient have to be taken into
account, such that the preservation of (3) is basically the best one can expect.

1.1 Overview
In chapter 2 we briefly introduce the basic concepts of differential geometry focussed on
isometric immersions and the second fundamental form. Moreover we derive Simons’
identity for the Laplacian of hij, a tool we later require for the derivation of evolution
equations.
In chapter 3 we give an introduction to the concept of mean curvature flow of hypersur-
faces in general Riemannian manifolds. We briefly discuss short-time existence and derive
several evolution equations of important quantities.
In chapter 4 we discuss the crucial theorem of [8] stating that the modified notion of
convexity (3) is preserved under mean curvature flow. We arrange the proof in such a
way that the reasons for this modification of convexity get revealed.
In chapter 5 we consider another aspect of the second fundamental form: We present
Huisken’s proof showing that the principal curvatures of the moving surface approach
each other - they get ’pinched’ in the end. In a certain sense this is an extra chapter; the
following chapters only refer to chapters 3 and 4.
In chapter 6 we discuss the question about possible improvements of the convexity theo-
rem. We use three-dimensional hyperbolic space as ambient space and construct a convex
rotational surface losing convexity in the sense of (2).
In chapter 7 we introduce the Berger spheres and its properties. We describe the Hopf
map and develop basic parts of Lie group theory. Using Berger spheres as ambient space
we finally give a local example of a convex hypersurface losing convexity.
In chapter 8 we give a few concluding remarks and interpretations.

1.2 Acknowledgements and remarks
I would like to mention that throughout this paper I have put great emphasis on moti-
vating the steps and methods used in the proofs. I did not shorten or compress Huisken’s
proofs. Rather I sometimes changed the order of the arguments, in cases where in my
opinion underlying ideas get revealed in a clearer way. Consequently I do not collect
auxiliary lemmas before proving a theorem, but in most cases I prove them at the very
spots they are required. However, if in certain cases the proof of an auxiliary fact would
interrupt the flow of arguments too much, I refer to the appendix, where the proof is
given in detail. In cases where a result just proved will be needed only later in the text,
I always give a reference about when and where it will be applied.
Finally I remark that I have decided to use the English language to write this thesis,
because the topic was suggested to me by Dr Ben Andrews at the Australian National
University in Canberra, Australia. At this spot I would like to thank him as well as
everyone else at the Department of Mathematics of the ANU for their hospitality and the
warm and friendly atmosphere at the institute. Moreover I want to thank Prof Huisken
for making my stay in Australia possible as well as his patience. Finally I would like to
thank my parents and Yvonne.
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2 Basic differential geometrical notions and facts
This chapter provides fundamental definitions and rapidly introduces the reader to the
basic facts and notions of differential geometry. Although there is nothing really new for
those familiar with the material, one should carefully note which topics we pick out for
later purposes.

2.1 Riemannian manifolds
The basic mathematical objects we will work with are Riemannian manifolds of finite
dimension, that is sets which locally look like Euclidean space. Let (M, g) be such a
Riemannian manifold. The metric g determines the unique Levi-Civita connection ∇ on
M , which is given by the Christoffel symbols. In terms of a coordinate frame {ei} they
are given by

Γk
ij :=

1

2
gkm (ei(gjm) + ej(gim)− em(gij)) .

The connection makes possible to covariantly differentiate vector fields and tensor fields. A
vector field v = viei given in terms of a coordinate frame {ei} is covariantly differentiated
according to

∇iv
j = ei(v

j) + Γj
ikv

k.

Note that we assume the Einstein summation rule to hold, that is, we sum over repeated
indices.
By preserving the product rule the concept of covariant differentiation is naturally ex-
tended to arbitrary mixed tensors of the form T j1,...,jm

i1,...,in
by

∇k

(
T j1,...,jm
i1,...,in

)
= ek(T

j1,...,jm
i1,...,in

)−
n∑

l=1

Γs
jil
T j1,...,jm
i1,...,il−1,s,il+1,...,in

+
m∑
l=1

Γjl
jsT

j1,...,jl−1,s,jl+1,...,jm
i1,...,in

.

The notion of covariant derivative, in turn, gives rise to the concept of the Riemannian
curvature tensor R, which for vector fields X, Y , Z is defined by

R(X,Y )Z := ∇X∇YZ −∇Y∇XZ +∇[X,Y ]Z.

Here R acts as a tensor of type (3, 1). In a given coordinate frame {ei} we set

R(ei, ej)ek := R m
ij kem and g(R(ei, ej)ek, em) := Rijmk, (4)

where the latter relation manifests R as a (4, 0)-tensor.
Furthermore, computing the definition of R(ei, ej)ek by means of the Christoffel symbols
Γk
ij, one gets

R m
ij k = ei(Γ

m
jk)− ej(Γ

m
ik) + Γl

jkΓ
m
il − Γl

ikΓ
m
jl . (5)

2.2 Isometric immersions
In this section we describe isometric immersions as a way how a Riemannian manifold M
inherits the geometry of another ambient Riemannian manifold N of higher dimension.
Let (N, ḡ) be an n+1-dimensional Riemannian manifold. Now let M be an n-dimensional
manifold (smoothly) immersed in N . In other words, we have a diffeomorphism F :
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M → N such that the linear mapping DF (p) : TpM → TF (p)N given by the differential
DF : TM → TN is injective for all p ∈ M . M is then called a hypersurface.
We want to endow M with some Riemannian metric such that M behaves geometrically
the same way as F (M) does. To given vector fields X,Y ∈ TF (M) ⊂ TN we therefore
assign a metric g by

g(q)(X(q), Y (q)) := ḡ(q)(X(q), Y (q)).

Thus the metric of M is determined by the geometry of N and the way F (M) is situated
in N , and M along with this induced metric g makes F a (local) isometry. We then say
that M ⊂ N is a (smooth) isometric hypersurface immersion.
For reasons of simplicity we may identify M and F (M) as well as TM and TF (M) as far
as geometrical topics are regarded. In the following we will use this identification without
explicit mentioning. Moreover we use the convention that all geometric quantities referring
to N be indicated by a bar whereas those belonging to M look as usual (in analogy to ḡ
and g). In particular we distinguish between the two connections ∇ and ∇̄ as well as the
curvature tensors R and R̄.
Apart from the intrinsic geometric quantities of M derived from the induced metric such
as ∇ or R, the way how M is situated in N gives rise to another kind of geometric
information - the extrinsic geometry, which is manifested by the second fundamental
form.

2.3 The second fundamental form
Let F : M → N be a smooth isometric hypersurface immersion. Furthermore assume
M to be oriented. Around p ∈ M we consider a so-called adapted frame e0, . . . , en which
consists of a local frame e1, . . . , en around p tangent to M and a choice of a unit normal
field e0 = ν of M (there are, of course, two possibilities, depending on the orientation of
M). As the derivative of the Gauss map, which takes M to the n-sphere, we consider
the Weingarten map A : TpM → TpM and its corresponding bilinear mapping h : TpM ×
TpM → R at some point p ∈ M . For our purposes we give the following

Definition 2.1. Let M ⊂ N be a smooth oriented isometric hypersurface immersion
and let ν = e0, . . . , en be a local adapted frame around p ∈ M . The bilinear mapping
h : TpM × TpM → R given by the Weingarten equations

hij : = h(ei(p), ej(p)) = ḡ(∇̄ei(p)ν(p), ej(p))

= −ḡ(ν(p), ∇̄ei(p)ej(p)) (6)

is called second fundamental form of M at p.

The Weingarten equations are a valuable means to compute hij. However, in many
situations it is preferable to work with local coordinates instead of adapted frames. Then,
in order to carry out concrete computations, we need to know how (6) looks like in local
coordinates.
Let therefore x1, . . . , xn be local coordinates of M around p and let y0, . . . , yn be local
coordinates of N around q := F (p). We compute hij in terms of the coordinate vector
fields

∂

∂xi
' DF

(
∂

∂xi

)
, i = 1, . . . , n.
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We also write DF ( ∂
∂xi ) =

∂F
∂xi . They are expressed in terms of the coordinate vector fields

∂
∂yα

, α = 0, . . . , n, of N by
∂F

∂xi
=

∂Fα

∂xi

∂

∂yα
,

where (∂F
α

∂xi ) is the Jacobi matrix of F . Similarly we write ν = να ∂
∂yα

for the unit normal.
Observe that latin summation indices run from 1 to n, whereas greek indices run from 0
to n, a convention we agree to use from now on.
We now express the first identity of (6) in terms of the coordinate frame ∂

∂xi . It is

∇̄ ∂

∂xi
ν = ∇̄(

∂Fα

∂xi
∂

∂yα

)ν =

(
∂Fα

∂xi

∂

∂yα
(νβ) +

∂Fα

∂xi
ντ Γ̄β

ατ

)
∂

∂yβ
=

(
∂νβ

∂xi
+

∂Fα

∂xi
ντ Γ̄β

ατ

)
∂

∂yβ
.

We thus get

hij = ḡ

(
∇̄ ∂

∂xi
ν,

∂

∂xj

)
= ḡαβ

∂Fα

∂xj

(
∂νβ

∂xi
+

∂Fα

∂xi
ντ Γ̄β

ατ

)
.

On the other hand we have

ḡαβ
∂Fα

∂xj
glm

∂F β

∂xm
hli = glmgjmhli = δljhli = hij.

These two relations yield

Lemma 2.2. In terms of local coordinates the first version of the Weingarten equation
(6) takes the form

glm
∂F β

∂xm
hli =

∂νβ

∂xi
+

∂Fα

∂xi
ντ Γ̄β

ατ .

In order to compute the second identity in (6), we observe that the tangent space TqN
can be decomposed into the direct sum of TqM and (TqM)⊥ = span(ν). Thus it follows
from ḡ(ν, ν) ≡ 1 that

ḡ

(
ν, ∇̄ ∂

∂xi

∂

∂xj

)
ν =

(
∇̄ ∂

∂xi

∂

∂xj

)⊥

,

where ⊥ denotes the orthogonal projection of a vector onto ν with respect to ḡ.
It is a well-known fact that the inner connection ∇ of M derived from the induced metric
g can be recovered by projecting the ambient connection ∇̄ onto the tangent bundle of
M along span(ν). We thus have(

∇̄ ∂

∂xi

∂

∂xj

)⊥

= ∇̄ ∂

∂xi

∂

∂xj
−∇ ∂

∂xi

∂

∂xj
,

whence we derive from (6)

−hijν =

(
∇̄ ∂

∂xi

∂

∂xj

)⊥

= ∇̄ ∂

∂xi

∂

∂xj
−∇ ∂

∂xi

∂

∂xj
=

∂Fα

∂xi
∇̄ ∂

∂yα

(
∂F β

∂xj

∂

∂yβ

)
−∇ ∂

∂xi

∂

∂xj

=
∂Fα

∂xi

∂F β

∂xj
∇̄ ∂

∂yα

∂

∂yβ
+

∂Fα

∂xi

∂

∂yα

(
∂F β

∂xj

)
∂

∂yβ
−∇ ∂

∂xi

∂

∂xj

=
∂Fα

∂xi

∂F β

∂xj
Γ̄γ
αβ

∂

∂yγ
+

∂2F γ

∂xi∂xj

∂

∂yγ
− Γk

ij

∂F γ

∂xk

∂

∂yγ
.

From ν = νγ ∂
∂yγ

it follows
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Lemma 2.3. In terms of local coordinates the second version of the Weingarten equation
(6) takes the form

−hijν
γ =

∂Fα

∂xi

∂F β

∂xj
Γ̄γ
αβ +

∂2F γ

∂xi∂xj
− Γk

ij

∂F γ

∂xk
.

These two lemmas will be of importance when we derive evolution equations of geometrical
quantities.

For the second fundamental form hij one can establish the two crucial identities relating
the geometries of M and N , the Gauss equation and the Codazzi equation. These relations
are well-known and cited without proof.

Lemma 2.4. Let ν = e0, . . . , en be an adapted frame around p ∈ M ⊂ N as above. In
terms of this frame the relation between the two curvature tensors R and R̄ is given by
the Gauss equation

Rijkl = R̄ijkl + hikhjl − hilhjk.

In contrast to hypersurfaces in Rn, the difference between two components of ∇h whose
indices are cyclicly permuted, depends on the curvature of the ambient manifold. This is
stated by the Codazzi equation.

Lemma 2.5. In terms of the frame of lemma 2.4 we have the relation

∇khij −∇jhik = R̄0ijk.

Both equations are fundamental tools occurring at many different places throughout this
text. In particular, an interesting consequence of the Codazzi equation is presented in the
next section.

2.4 An identity for the Laplacian of hij

The Laplacian of a tensor T is defined by ∆T := gkl∇k∇lT . In particular, ∆hij :=
gkl∇k∇lhij. By means of the Codazzi equation, Simons (see [14]) derived an expression
for ∆hij which does not involve any covariant derivatives of hij. We are going to derive
it in this section. Later on, this identity will be invoked in order to establish evolution
equations.

A preliminary tool we need for the proof is to know how second covariant derivatives of
hij commute.

Lemma 2.6. Let M ⊂ N be a smooth isometric hypersurface immersion as above. In
terms of a local frame e1, . . . , en ∈ TM around p ∈ M the commutation of second covariant
derivatives of hij is given by

∇k∇lhij −∇l∇khij = hmjR
m

lk i + himR
m

lk j.

Proof. Since the identity is of tensorial nature, we may assume {ei} to be a normal coor-
dinate frame. Then all Christoffel symbols vanish and we get

∇k∇lhij = ek(el(hij))− ek(Γ
m
li )hmj − ek(Γ

m
lj )him,
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as well as

∇k∇lhij −∇l∇khij = el(Γ
m
ki)hmj − ek(Γ

m
li )hmj + el(Γ

m
kj)him − ek(Γ

m
lj )him

= hmjR
m

lk i + himR
m

lk j,

according to (5). �

Similar as above, for the following calculations it is handy to choose convenient coordinates
to work with. This is possible since all considerations are pointwise. At p ∈ M we choose
local coordinates x1, . . . , xn of M such that gij = δij at p and we consider the frame
e0, e1, . . . , en, where e0 = ν denotes a choice of the unit normal and e1 =

∂
∂x1 , . . . , en = ∂

∂xn .

Lemma 2.7. In an arbitrary adapted frame we have the relation

∇̄lR̄0ijk −∇lR̄0ijk = −hlmR̄
m
ijk + hljR̄0i0k + hlkR̄0ij0.

Proof. This is a tensorial identity and we may use the frame eo, . . . , en from above. Then
∇̄eie0 = Γ̄α

i0eα and gij = δij, and it follows from the Weingarten equation

hij = ḡ(∇̄eiν, ej) = ḡ(∇̄eie0, ej) = Γ̄k
i0δkj = Γ̄j

i0.

Moreover we derive from |ν| ≡ 1

Γ̄0
i0 = ḡ(∇̄eiν, ν) =

1

2
ei(ḡ(ν, ν)) = 0.

Moreover we have Γ̄k
ij = Γk

ij for i, j, k ∈ {1, . . . , n}, which can be seen by

Γk
ijek = ∇eiej = (∇̄eiej)

T = ∇̄eiej − ḡ(∇̄eiej, ν)ν = Γ̄α
ijeα − Γ̄0

ije0 = Γ̄k
ijek.

Now we have to distinguish two ways of thinking of R̄0ijk. On the one hand it is a
component of the (4, 0)-tensor R̄ on N . The covariant derivative ∇̄ of R̄ as a (4, 0)-tensor
then looks like

∇̄lR̄0ijk = el(R̄0ijk)− Γ̄ξ
l0R̄ξijk − Γ̄ξ

liR̄0ξjk − Γ̄ξ
ljR̄0iξk − Γ̄ξ

lkR̄0ijξ,

where we already have inserted the correct indices. On the other hand, restricted on M ,
R̄0ijk is a (3, 0)-tensor in the last three indices with the covariant derivative

∇lR̄0ijk = el(R̄0ijk)− Γm
li R̄0mjk − Γm

lj R̄0imk − Γm
lkR̄0ijm.

Thus

∇̄lR̄0ijk −∇lR̄0ijk = −Γ̄ξ
l0R̄ξijk − Γ̄0

liR̄00jk − Γ̄0
ljR̄0i0k − Γ̄0

lkR̄0ij0

= −hlmR
m
ijk + hljR̄0i0k + hlkR̄0ij0

since hij = −Γ̄0
ij. �

Let us now consider the term ∇k∇lhij. Our goal is to gradually swap the first pair of
indices with the second. We will proceed in three steps: Applying the Codazzi equation
(lemma 2.5) we get

∇k∇lhij = ∇k∇jhil +∇kR̄0ijl.

10



The next step is to commute the second covariant derivatives by lemma 2.6, which yields

∇k∇lhij = ∇j∇khil + hmlR
m

jk i + himR
m

jk l +∇kR̄0ijl.

Finally we invoke the Codazzi equation once more, whence

∇k∇lhij = ∇j∇ihlk +∇jR̄0lik +∇kR̄0ijl + hmlR
m

jk i + himR
m

jk l.

Notice that the second and the third term of the right hand side are ∇R̄-terms which can
be turned into ∇̄R̄-terms by lemma 2.7. Moreover, the R-terms occurring in the two last
terms can be transformed into R̄-terms by lemma 2.4. Altogether this yields

∇k∇lhij = ∇j∇ihlk + ∇̄jR̄0lik + ∇̄kR̄0ijl

− hijR̄0l0k − hkjR̄0li0 + hmjR
m
lik

− hjkR̄0i0l − hlkR̄0ij0 + hmkR
m
ijl

+ hlmR
m
ijk + hmiR

m
ljk

+ hlmh
m
j hik − hlmh

m
k hij + hmih

m
j hlk − hmih

m
k hlj. (7)

Remark 2.8. For tensors S and T of the same type on M we denote the scalar product
with respect to g by 〈S, T 〉. For example let S and T be of type (2, 0) with components
Sij and Tij, respectively. Then 〈S, T 〉 = 〈Sij, Tij〉 = gikgjlSijTkl. Furthermore, |Sij|2 =
〈Sij, Sij〉 and, in particular, the total curvature is denoted by |A|2=|hij|2.

Now it is straightforward to prove the following

Lemma 2.9. Let M ⊂ N be an isometric hypersurface immersion of Riemannian mani-
folds. The Laplacian of the second fundamental form then satisfies the identity

4hij = ∇i∇jH +Hhilhlj − |A|2hij +HR̄0i0j

− hijR̄
l

0l0 + hjlR̄
l m
mi + hilR̄

l m
mj − 2hlmR̄

l m
i j

+ ∇̄jR̄
l

0li + ∇̄lR̄
l

0ij (8)

with respect to an arbitrary adapted frame ν = e0, e1, . . . , en of M .

Proof. This equation is simply the contraction of (7) by glk. Note that g and the covariant
derivate can be interchanged arbitrarily according to the fact that ḡ is parallel, i.e. ∇̄ḡ = 0.

�

Remark 2.10. Note that the above identity recoveres ∆hij of the immersed hypersurface
M by means of hij, R̄, ∇R̄ and the second derivative of H. It simplifies considerably in
Euclidean space as all the terms involving ambient curvature vanish.

We will later need a direct consequence of (8):

Corollary 2.11. We have

1

2
∆|A|2 = 〈hij,∇i∇jH〉+ |∇khij|2 − |A|4 +Hhijhilh

l
j

+ HhijR̄0i0j − |A|2R̄ l
0l0 + 2hijhjlR̄

l m
mi − 2hijhlmR̄

l m
i j

+ hij(∇̄jR̄
l

0li + ∇̄lR̄
l

0ij ). (9)
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Proof. A straightforward calculation yields

∆|A|2 = 2hij∆hij + 2|∇khij|2.

This and the inner multiplication of (8) by hij proves the assertion.

Lemma 2.9 and its corollary are essential relations we will need later. We are now ready
to introduce the main topic all our considerations are based upon: the mean curvature
flow.

12



3 Mean curvature flow and geometric evolution equa-
tions

Roughly speaking, by mean curvature flow one denotes the motion of an isometrically
immersed hypersurface M0 ⊂ N along its unit normal field with the velocity varying from
point to point, equalling its mean curvature at each point. This is an initial value problem,
whose solution - if existing - depends on the nature of M0. The motion of the surface, in
turn, impacts the evolution of the mean curvature as well as other geometrical quantities
according to the corresponding geometric evolution equations. As already mentioned in the
introduction, one usually starts with an initial hypersurface and considers its behaviour
under mean curvature flow.

In the present chapter we first introduce the notion of mean curvature flow. Then we
explain how it can be rewritten as a quasilinear parabolic system of partial differential
equations and briefly discuss the (short-time) existence of solutions. As direct implications
we afterwards derive evolution equations for several geometrical quantities, especially
aiming to the evolution of the second fundamental form.

3.1 Mean curvature flow
Let n ≥ 2. We start by considering a smooth initial hypersurface M0 of dimension n
which is isometrically immersed in an (n+1)-dimensional Riemannian manifold N by the
mapping

F0 : M → N.

Suppose that F0 may be extended to a mapping

F : M × [0, T [→ N, 0 < T ≤ ∞,

with F (·, 0) = F0. Suppose further that each F (·, t), 0 ≤ t ≤ T be an isometric immersion
of M . Consequently, the metric g and all other geometric quantities of M depend on t. If
we consider t as a time parameter, we interpret the family {Mt = F (·, t)(M), t ∈ [0, T [}
as the evolution of the initial surface M0 during the time interval [0, T ].

The evolution of M0 can be subjected to certain rules of motion. Let t ∈ [0, T [ and
p ∈ Mt. Let ν(·, t) be a local unit normal field of Mt around p. We then define:

Definition 3.1. The mapping F defined above describes an evolution of the initial hy-
persurface M0 according to the mean curvature flow if it satisfies the evolution equation

∂

∂t
F (p, t) = −H(p, t)ν(p, t) for all p ∈ M and t ∈ [0, T [ (10)

with the initial condition
F (·, 0) = F0.

Here H(p, t) denotes the mean curvature H = gijhij at (p, t).

Remark 3.2. The negative sign in (10) stems from the fact that for oriented closed
surfaces without boundary and with strictly positive mean curvature such as the sphere
we usually choose ν to be the outer unit normal. In this case the negative sign makes the
surface shrink and not expand.

13



We need a reformulation of (10) to concretely work with. For this purpose we choose local
coordinates y = (y0, . . . , yn) of N around F (p, t) and local coordinates x = (x1, . . . , xn)
around (p, t). Suppose that ∂Fα

∂t
and να denote the respective coefficients of the local

representations of DF ( ∂
∂t
) = ∂F

∂t
and ν, given by the relations

ν = να ∂

∂yα
and DF

(
∂

∂t

)
=

∂Fα

∂t

∂

∂yα
at (p, t).

Then (10) decomposes into the n+ 1 components
∂Fα

∂t
= −Hνα for α = 1, . . . , n+ 1. (11)

This local version, in turn, allows to be rewritten by means of lemma 2.3, such that in
local coordinates it follows from (11) that we have at (p, t)

∂Fα

∂t
= −gijhijν

α = gij
(
∂F β

∂xi

∂F γ

∂xj
Γ̄α
βγ +

∂2Fα

∂xi∂xj
− Γk

ij

∂Fα

∂xk

)
= ∆tF

α + gij
(
∂F β

∂xi

∂F γ

∂xj
Γ̄α
βγ

)
, (12)

where
∆tF

α := gij∇i∇jF
α = gij

(
∂2Fα

∂xi∂xj
− Γk

ij

∂Fα

∂xk

)
.

It is worth noting that the Fα are local real-valued functions M × [0, T [→ R around (p, t)
defined by

Fα(p, t)eα = y(F (p, t)).

Here {eα} denotes the standard basis of Rn+1, whereas y is the local diffeomorphism
N → Rn+1 corresponding to the coordinate frame { ∂

∂yα
}.

Thus (12) shows that locally the mean curvature flow equation takes the form of a
parabolic system of second order, which is quasilinear since it is linear with coefficients
depending on Fα and ∂Fα

∂xi .
Up to now we have assumed that F satisfy (10) for a given initial surface M0. This, of
course, does not imply that such a mapping F actually exists for any given M0. However,
for the case that M0 is smooth, we have the following theorem which we cite from [8].
Theorem 3.3. For any given smooth initial hypersurface M0 which is isometrically im-
mersed in an ambient Riemannian manifold N we have a smooth solution F satisfying
(10) at least on some short time interval [0, T [, 0 < T ≤ ∞.
Remark 3.4. We refer to [6] for further details. Note that the linearization of (12) reveals
that the system is only weakly parabolic. This is due to solutions which do not actually
move the surface while only describing a family of different parametrizations of the same
surface (tangential movements). One therefore has to decompose all possible solutions
into their tangential and normal movements and then comprise all those with the same
normal movement in one equivalence class. Concerning this quotient space of solutions
the equation gets strictly parabolic, which finally implies the short-time existence.
From now on let us assume the initial surface M0 to be smooth. We then denote by [0, T [,
T ≤ ∞, the maximum time interval on which the mean curvature flow solution exists.
The mean curvature flow is reflected by the change of the geometric quantities of Mt.
Their evolution, in turn, can be derived by means of the mean curvature flow equation,
which is the purpose of the next section.
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3.2 Evolution equations of some geometric quantities
Our aim is basically to understand how the geometry of the initial surface M0 changes
while moving by mean curvature flow. We are interested in any kind of information about
both intrinsic quantities such as the metric and extrinsic quantities such as the second
fundamental form, the mean curvature or the unit normal.
In particular we will consider how these quantities change locally while the flow goes on,
in order to draw conclusions about the global development of the shape of the moving
hypersurface. This is the reason why it is necessary to derive evolution equations, or
’time derivatives’, for the quantities in question. Since the mean curvature flow equation
describes the evolution of Mt (and thus its intrinsic geometry) by means of extrinsic
quantities (mean curvature and unit normal), it accordingly will turn out that the time
derivative of intrinsic quantities will depend on extrinsic quantities as well.
Evolution equations are manifestations of the mean curvature flow equation in many
different situations. They provide the basic key to successfully examine the properties of
the moving surface. As the various evolution equations inherit the parabolic nature of the
mean curvature flow equation, one hopes to be able to apply techniques from the theory
of parabolic PDE, which will be of crucial importance in chapter 4. In the present section
we mainly derive the evolution equation of the metric and the unit normal, whereas the
following section deals with the evolution of the second fundamental form hij, implying
several evolution equations of quantities related to hij.
Suppose as above that we have a maximal solution F : M × [0, T [→ N for the mean cur-
vature flow of a given smooth initial surface M0 ⊂ N , yielding the family of hypersurfaces
{Mt, t ∈ [0, T [}.
Observe that for a chart (U, x) of M around p ∈ M we have the coordinate vector fields

∂

∂x1
, . . . ,

∂

∂xn
and ∂

∂t

at our disposal. The ∂
∂xi may be identified with their images under the differential DF

due to the fact that F (·, t) is an isometry for each t ∈ [0, T [. However, it is important
to understand how the image of ∂

∂t
should be interpreted. Observe that for a real-valued

function f ∈ C∞(N) it is determined by the fact that F satisfies the mean curvature
equation, that is

DF

(
∂

∂t

)
(f) = −HDνf. (13)

In other words, if we want to know how f changes in time at a fixed point (p, t) ∈
M × [0, T [, we switch to the immersion point of view, take F (p, t) ∈ N instead and
consider the change of f in direction of −Hν. The same holds for smooth functions f on
M , provided that H 6= 0. Then f can be considered as a smooth function on N at least
in a small time neighbourhood.
Of course the same works for smooth tensor fields on N . As an example we get ∂

∂t
ḡ = 0,

which is due to ∇̄ḡ = 0 and
∂

∂t
ḡ = −H∇̄ν ḡ = −H(∇̄ḡ)(ν) = 0.

We will use this fact in the following calculations without mentioning.
We now consider the metric.
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Lemma 3.5. Let (p, t) ∈ M × [0, T [. The evolution of the metric g of Mt at p is given by

∂

∂t
gij = −2Hhij.

Proof. Since this identity is of tensorial nature, we may arbitrarily choose the coordinates
we use for the calculation - both for Mt and N .
Around p we therefore choose coordinates x1, . . . , xn such that at q := F (p, t) the induced
metric is orthonormal, i.e.

gij = ḡ

(
∂F

∂xi
(q),

∂F

∂xj
(q)

)
= δij.

Moreover, by starting geodesics at p in the directions ∂F
∂x1

, . . . , ∂F
∂xn

and ν we obtain normal
coordinates yα such that να = −δα0 and ∂Fα

∂xi = δαi at F (p, t). Then all Γ̄γ
αβ vanish at q

and the Weingarten equation of lemma 2.3 takes the form

∂νβ

∂xi
= hli

∂F β

∂xi
. (14)

Note that tangential vectors of Mt may be thought of in two ways. On the one hand they
are derivations operating on smooth functions defined on M . On the other hand, in view of
the fact that Mt is immersed in N , they can be locally extended to derivations operating
on smooth functions on N . Then they may be represented as linear combinations of
tangential vectors of N , whose coefficients are smooth functions on M . These two points
of view both occur in the calculations below.
Due to Γ̄k

ij = 0 at F (p, t), we have at (p, t)

∂

∂t
gij =

∂

∂t
ḡ

(
∂F

∂xi
,
∂F

∂xj

)
= ḡ

(
∇̄ ∂F

∂t

∂F

∂xi
,
∂F

∂xj

)
+ ḡ

(
∂F

∂xi
, ∇̄ ∂F

∂t

∂F

∂xj

)
.

Moreover,

ḡ

(
∇̄ ∂F

∂t

∂F

∂xi
,
∂F

∂xj

)
= ḡ

(
∂F

∂t

(
∂F β

∂xi

)
∂

∂yβ
,
∂F

∂xj

)
= ḡ

(
∂F

∂xi

(
∂F β

∂t

)
∂

∂yβ
,
∂F

∂xj

)
= ḡ

(
∂F

∂xi

(
−Hνβ

) ∂

∂yβ
,
∂F

∂xj

)
= −Hḡ

(
∂νβ

∂xi

∂

∂yβ
,
∂F

∂xj

)
− ḡ

(
ν
∂H

∂xi
,
∂F

∂xj

)
= −Hḡ

(
hil

∂F β

∂xl

∂

∂yβ
,
∂F

∂xj

)
= −Hhilδ

l
j.

Note that in the second last identity we took advantage of the special form of our coor-
dinates as well as the Weingarten equation (14).
A similar calculation for the second summand yields ∂

∂t
gij = −Hhilδ

l
j −Hhjlδ

l
i = −2Hhij.

�

Another object of interest is the unit normal ν.

Lemma 3.6. Let (p, t) ∈ M × [0, T [. The evolution of the unit normal ν of Mt at p is
given by

∂

∂t
ν = ∇H.
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Proof. First observe that ∂
∂t
ν and ν are orthogonal due to

ḡ

(
∂

∂t
ν, ν

)
=

1

2

∂

∂t
ḡ(ν, ν) = 0,

since ḡ(ν, ν) ≡ 1. Thus ∂
∂t
ν ∈ TF (t,p)Mt. Then, if we choose coordinates at p such that

gij = δij, due to a well-known fact from linear algebra we have

∂

∂t
ν =

∑
i

ḡ

(
∂

∂t
ν,

∂F

∂xi

)
∂F

∂xi
.

Since ν and ∂F
∂xi are orthogonal, we obtain by the product rule that the above term is

equal to

−
∑
i

ḡ

(
ν,

∂

∂t

∂F

∂xi

)
∂F

∂xi
=
∑
i

(
ν,

∂

∂xi
(Hν)

)
∂F

∂xi
=
∑
i

∂

∂xi
H

∂F

∂xi
= ∇H.

In the second equality we once more have invoked the mean curvature flow equality. �

With this knowledge about the behaviour of g and ν, we are now ready to derive the
evolution equation of the quantity we are mainly interested in, the second fundamental
form.

3.3 The evolution of the second fundamental form
As we will see, convexity is a geometrical property directly related to the second funda-
mental form. In order to study the behaviour of convexity under mean curvature flow it
is therefore of special interest to know how the second fundamental form evolves.
Again the idea consists of simplifying the calculations by choosing normal coordinates
y0, . . . , yn around a fixed point q = F (t, p) ∈ N . We are allowed to do that since we carry
out the calculations only at q and since it will turn out that suitable manipulations will
reduce all terms involved to tensorial expressions.
We then look at the definition of hij given by the second version of the Weingarten
equation 2.3. If we inner multiply 2.3 by ν with respect to ḡ, we get

−hij = ḡ

(
∂2F

∂xi∂xj
, ν

)
+ ḡαβν

αΓ̄β
γδ

∂F γ

∂xi

∂F δ

∂xj
, (15)

since ḡ(ν, ν) ≡ 1 and ḡ( ∂F
∂xk , ν) = 0.

If we differentiate the second term of the right hand side by the product rule, due to
our choice of normal coordinates the only remaining term will be the one involving the
derivative of Γ̄β

γδ. We get

∂

∂t
hij = − ∂

∂t

(
∂2F

∂xi∂xj
, ν

)
− ḡαβν

α ∂

∂t

(
Γ̄β
γδ

) ∂F γ

∂xi

∂F δ

∂xj

= − ∂

∂t

(
∂2F

∂xi∂xj
, ν

)
+Hḡαβν

αντ ∂

∂yτ

(
Γ̄β
γδ

) ∂F γ

∂xi

∂F δ

∂xj
, (16)

where the second identity follows from equation (13).
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By the product rule for inner products, equation (13) and lemma 3.6 along with the
expression of the gradient given by

∇H =
∂

∂xi
Hgij

∂F

∂xj
,

we obtain from (16) the relation

∂

∂t
hij = ḡ

(
∂2

∂xi∂xj
(Hν), ν

)
− ḡ

(
∂2F

∂xi∂xj
,
∂

∂xl
Hglm

∂F

∂xm

)
+Hḡαβν

τ ∂F
γ

∂xi
να∂F

δ

∂xj

∂

∂yτ

(
Γ̄β
γδ

)
. (17)

Furthermore, by ḡ
(
∇ ∂

∂xi
ν, ν
)
= 1

2
∂
∂xi ḡ(ν, ν) = 0 and the product rule we derive for the

first term of the right hand side of the above identity

ḡ

(
∂2

∂xi∂xj
(Hν), ν

)
=

∂2

∂xi∂xj
H +Hḡ

(
∂2

∂xi∂xj
ν, ν

)
, (18)

whereas it follows from the Weingarten equations, the product rule and Γ̄γ
αβ = 0 that

Hḡ

(
∂2

∂xi∂xj
ν, ν

)
= Hḡ

(
∂

∂xi

(
hjlg

lm ∂F

∂xm

)
− ∂

∂xi

(
Γ̄β
δτ

∂F δ

∂xj
ντ ∂

∂yβ

)
, ν

)
= Hḡ

(
hjlg

lm ∂2F

∂xi∂xm
, ν

)
−Hḡαβ

∂F γ

∂xi

∂

∂yγ

(
Γ̄β
δτ

) ∂F δ

∂xj
ντνα

= −Hhm
j him −Hḡαβ

∂F γ

∂xi

∂

∂yγ

(
Γ̄β
τδ

) ∂F δ

∂xj
ντνα. (19)

Note that in the first identity we have used the first version of the Weingarten equations
(lemma 2.2) and in the last equation we have employed the second version (lemma 2.3).
In both relations we also have taken advantage of the fact that ν is orthogonal to ∂F

∂xi .

On the other hand, we compute for the second term of the right hand side of (17) by
means of lemma (2.3)

ḡ

(
∂2F

∂xi∂xj
,
∂

∂xl
Hglm

∂F

∂xm

)
= ḡ

(
Γk
ij

∂F

∂xk
− hijν,

∂

∂xl
Hglm

∂F

∂xm

)
= ḡ

(
Γk
ij

∂F

∂xk
,
∂

∂xl
Hglm

∂F

∂xm

)
= Γk

ijgkm
∂

∂xl
Hglm = Γk

ij

∂

∂xk
H. (20)

Altogether it follows from (17), (18), (19), and (20)

∂

∂t
hij =

∂2

∂xi∂xj
H − Γk

ij

∂

∂xk
H −Hhm

j him

+Hḡαβν
τ ∂F

γ

∂xi
να∂F

δ

∂xj

[
∂

∂yτ

(
Γ̄β
γδ

)
− ∂

∂yγ

(
Γ̄β
τδ

)]
= ∇i∇jH −Hhm

j him +Hḡαβν
τ ∂F

γ

∂xi
να∂F

δ

∂xj
R̄ β

τγ δ

= ∇i∇jH −Hhm
j him +HR̄0i0j. (21)
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Note that in the second last step we have invoked the definition (4) of R̄ γ
αβ δ simplified

by use of normal coordinates.
This is already a short, nice evolution equation. We may, however, improve its structure
towards the parabolic shape we want it to take. For this purpose observe that the terms
of the right hand side occur in the identity (8) for ∆hij, which we have derived in chapter
2.4. By taking advantage of this identity we get the following

Theorem 3.7. Let (p, t) ∈ M × [0, T [. The evolution of the second fundamental form hij

at p is given by

∂

∂t
hij = ∆hij − 2Hhm

j him + |A|2hij + hijR̄
l

0l0

−hjlR̄
l m
mi − hilR̄

l m
mj + 2hlmR̄

l m
i j − ∇̄jR̄

l
0li − ∇̄lR̄

l
0ij

with respect to an arbitrary adapted frame ν = e0, . . . , en of Mt around F (p, t).

Remark 3.8. The parabolic structure of this tensorial evolution equation is particularly
useful, since we will be able to adapt techniques from the theory of “ordinary” parabolic
partial differential equations such as the maximum principle in order to to give statements
about its global behaviour.

Remark 3.9. It is important to realize which quantities contribute to the way hij changes:
Apart from the Laplacian of hij there are terms involving the ambient curvature R̄ as well
as gradients of R̄. Thus, as we will see in the next chapter, both R̄ and its gradient might
work against the preservation of convexity. As we already have announced it is inevitable
to control both quantities in order to preserve convexity under mean curvature flow in
general Riemannian manifolds.

As a straightforward consequence of the above theorem we get the evolution equation for
the mean curvature H by simply contracting (21).

Corollary 3.10. The mean curvature satisfies the evolution equation

∂

∂t
H = ∆H +H(|A|2 + R̄ l

0l0 ).

Proof. The result follows from (21) and the relation

∂

∂t
H = hij

∂

∂t
gij + gij

∂

∂t
hij = 2H|A|2 + gij

∂

∂t
hij,

where in the last equality we have used

∂

∂t
gij = −gilgjk

∂

∂t
glk = 2Hhij.

�

This is a parapolic PDE, too. As the movement is governed by mean curvature, this
equation is of special importance. For instance, the Ricci curvature term R̄ l

0l0 directly
impacts the changing rate of H and thus the flow. It will be this very equation which we
exploit in the next chapter to gain more information about the maximum time interval
[=, T [ of the flow.
Another consequence we need later is the evolution of the total curvature |A|2 = hj

ih
i
j.

We get this by using the product rule.
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Corollary 3.11. The total curvature |A|2 evolves according to

∂

∂t
|A|2 = ∆|A|2 − 2|∇A|2 + 2|A|2(|A|2 + R̄ l

0l0 )− 4(hijhm
j R̄

l
mli − hijhlmR̄milj)

−2hij(∇̄jR̄
l

0li + ∇̄lR̄
l

0ij ).

We are now well prepared to turn our interest to convex initial surfaces M0. In particu-
lar, the next chapter shows under which circumstances it can be guaranteed that initial
convexity - in an appropriately broader sense - is preserved during the flow.
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4 Evolving hypersurfaces and convexity
In this chapter we present the main theorem of this paper. It basically states that a
suitably broadened notion of convexity of a closed (i.e. compact and boundary-free) initial
surface M0 ⊂ N is preserved under mean curvature flow, provided that the curvature of
N and its gradient are suitably bounded. This is one of the central results of [8]. During
its proof, the interplay between the geometric properties of the ambient space N and the
evolving hypersurface Mt will get clear.

At this stage one of the important features of mean curvature flow can be exploited -
its parabolic structure and thus the possibility of applying maximum principles. Before
proving the main theorem, we employ the parabolic maximum principle to demonstrate
that for such closed initial surfaces with H sufficiently large a bounded solution of mean
curvature flow can only exist on a finite time interval [0, T [, T < ∞, if the sectional
curvature of N is bounded from below. Subsequently we extend the maximum principle
to symmetric tensor fields with the aim of applying it to the evolution equation of the
second fundamental form. This extension of the maximum principle is at the very core
of the convexity theorem, and we will gradually build the proof around it, revealing the
connections step by step.

We begin with the definition of convexity.

Let M ⊂ N be an isometric hypersurface immersion. Furthermore let hij be the second
fundamental form of M . Note that since hij is a symmetric tensor, there is always an
orthonormal basis {vi} of TpM in terms of which hij = diag(κ1, . . . , κn), where κi is called
the ith principal curvature of M at p. We define:

Definition 4.1. A hypersurface M ⊂ N is called convex, if all principal curvatures κi are
nonnegative on the whole of M , or, equivalently, if hij is positive semidefinite everywhere
on M . We then agree to write hij ≥ 0 if hijv

ivj ≥ 0 for every vector v = {vi}. Similarly,
convexity is said to be strict, if hij > 0.

Remark 4.2. Sometimes the above property is referred to as locally convex. We will,
however, keep the above definition, since confusions are ruled out.

From now on we will restrict our considerations to closed smooth initial hypersurfaces
M0 ⊂ N . Recall that N is an arbitrary Riemannian manifold of dimension n+ 1, n ≥ 2.
Recall also that we denote by [0, T [, T ≤ ∞, the maximum time interval on which the
solution exists.

4.1 Maximum principle and mean curvature
The common parabolic maximum principle in Rn holds on manifolds as well. We cite a
special version.

Lemma 4.3. Let M be a compact n-dimensional Riemannian manifold without boundary.
Let T ≤ ∞ and f : M × [0, T ] → R be a smooth function with

∂

∂t
f ≤ ∆f + bi

∂

∂xi
f, bi ∈ C∞(M × [0, T ]).

Then max
M×[0,T ]

f ≤ max
M×{0}

f.
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Likewise, if
∂

∂t
f ≥ ∆f + bi

∂

∂xi
f, bi ∈ C∞(M × [0, T ]),

we have min
M×[0,T ]

f ≥ min
M×{0}

f .

Remark 4.4. In particular we will need the second statement of this lemma.

We want to apply the maximum principle to the evolution equation for the mean curvature

∂

∂t
H = ∆H +H(|A|2 + R̄ l

0l0 )

in order to show that the minimum of H is attained on the initial hypersurface M0. Let
us assume H ≥ 0 on M0.

We first note that |A|2 ≥ H2/n, whence we have

∂

∂t
H ≥ ∆H +H(

1

n
H2 + R̄ l

0l0 ). (22)

Clearly, the second part of the above lemma immediately applies if we demand that the
term H( 1

n
H2 + R̄ l

0l0 ) be nonnegative.

We now consequently impose the first obstructions upon M0 and the geometry of N . Let
us assume that the sectional curvature of N be bounded from below by −K1 everywhere
in N , K1 ≥ 0. Then it follows R̄ l

0l0 ≥ −nK1. This is clear since ν has unit length and
traces are independent of the frame. Accordingly, we have to ensure that on M0 the mean
curvature is large enough by assuming H2/n > nK1 on M0.

Remark 4.5. Observe that this condition does not depend on the choice of the unit
normal on M0. Above, however, we have assumed that H > 0 on M0. For reasons of
simplicity we will keep this assumption, whence it follows that we have H > nK

1/2
1 on

M0.

By a little extra argument it now already follows that minM0 H = Hmin(0) ≤ H as long
as the solution exists. For since we have demanded H2/n > nK1, there is some ε > 0

such that H ≥ nK
1/2
1 + ε on M0, since M0 is compact. The maximum principle applies as

long as H > nK
1/2
1 . If there was some first time t0 > 0 such that H ≤ nK

1/2
1 , we would

have H > nK
1/2
1 for all time intervals [0, t0 − δ], δ > 0. Then the maximum principle

applies on these intervals, yielding that minM(t0−δ)
H ≥ Hmin(0) ≥ nK

1/2
1 + ε. We thus

get a contradiction to the continuity of H.

We can gain even more information about H. Observe that in view of H2/n > nK1 on
M0, there is some δ > 0 such that

H2 ≥ n2K1 + nδ2H2 on M0.

Similar as above, the maximum principle guarantees that this relation holds as long as
the solution exists. Due to R̄ l

0l0 ≥ −nK1 it thus follows from (22)

∂

∂t
H ≥ ∆H + δH3.
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This relation can have a bounded solution only on a finite time interval, as we see now.
Let ϕ be the solution of the ordinary differential equation

∂

∂t
ϕ = δH3, ϕ(0) = Hmin(0) > nK

1/2
1 .

If we consider ϕ as a function on M × [0, T [, we have ∆ϕ = 0 and thus

∂

∂t
(H − ϕ) ≥ ∆(H − ϕ) + δ(H3 − ϕ3).

A similar extra argument as above yields that the maximum principle applies, showing
H ≥ ϕ on [0, T [. The function ϕ may now be explicitly determined. In fact it is given by

ϕ(t) =
Hmin(0)√

1− 2δH2
min(0) · t

,

which tends to ∞ as we let t → 1
2
δ−1H−2

min(0). The mean curvature thus gets unbounded
at this time at the latest.
This is a first crucial global result about the evolving surface: In the case that the sectional
curvatures of N are bounded from below by −K1 and if we have H2 > n2K1 on M0, an
existing solution can only admit bounded mean curvature on a finite time interval [0, T [,
T < ∞.
What, however, will happen to the shape of Mt as t → T? For this purpose we have to
study the secand fundamental form by means of a suitable maximum principle.

4.2 A maximum principle for tensors
Clearly, all information about convexity, which is determined by hij, must be buried in
its evolution equation stated in lemma 3.7. As we have mentioned already, the parabolic
structure of this equation suggests to apply an adaptation of the maximum principle to
tensorial equations.
How could we accomplish such an adaptation? Recall that the crucial step in the proof
of the ordinary parabolic maximum principle is to derive a contradiction based on the
assumption that the maximum (or minimun) be attained in the interior of the domain.
In particular, if we consider some smooth function f with

∂

∂t
f > ∆f + bk

∂

∂xk
f in U :=]0, T [×Ω, Ω ∈ Rn,

we get the contradiction by assuming the existence of a local minimum of f in U .
This idea is extended to tensorial equations in the proof of the following theorem, which
is a slight variant of theorem 9.1 in [6].
In the sequel all tensor (and vector) fields are smooth.

Theorem 4.6. Let M be a compact Riemannian manifold whose metric gij depends on
the time t, for t ∈ [0, T [, T < ∞. Furthermore let T and S be smooth time-dependent
symmetric tensor fields on M with components Tij and Sij, respectively, satisfying the
relation

∂

∂t
Tij ≥ ∆Tij + bk∇kTij + Sij (23)

23



everywhere on M for all 0 ≤ t < T .

Let Φ be a mapping from the set of (2, 0)-tensors onto itself such that S = Φ(T ). Suppose
that Φ has the following properties: For any η > 0 and ε > 0 there is some 0 < C(η) < ∞
such that |S̃ij − Sij| ≤ C(η)ε with T̃ij := Tij + εgij and S̃ := Φ(T̃ ) on the whole interval
[0, T − η] and everywhere on M (continuity condition). Moreover, for all 0 ≤ ε < ε0,
suppose that if v = {vi} is a null-eigenvector of T̃ , that is, T̃ijv

ivj = 0 and v 6= 0, we then
have S̃ijv

ivj ≥ 0 (null-eigenvector condition).

Then, if Tij ≥ 0 (in the sense of definition 4.1) for t = 0, it remains so for all 0 ≤ t < T .

Note that we have ∆Tij = gkl∇k∇lTij and the covariant derivative is to be taken in the
tensorial sense.

Remark 4.7. In contrast to the strict inequality above, we only demand a weak inequality
here. Moreover, we allow for an extra summand Sij. The major part of the technical work
in the proof consists of treating these two generalizations. The continuity condition and
the null-eigenvector condition are required to make Sij controllable at the crucial steps of
the proof.

Proof. Let η > 0 and ε > 0. We define

T̃ij := Tij + ε(δ + t)gij.

We assert that T̃ij > 0 for all 0 ≤ t ≤ T − η. We prove this by showing it for the interval
[0, δ] for some δ > 0 to be chosen. Then we repeat the argument finitely many times to
eventually cover the whole interval [0, T − η].

We have
∂

∂t
T̃ij =

∂

∂t
Tij + εgij + ε(δ + t)

∂

∂t
gij.

Since M and the interval [0, T − η] are compact and gij is smooth, | ∂
∂t
gij| is bounded on

M × [0, T − η] and we may choose δ > 0 so small such that for all ε > 0

∂

∂t
T̃ij ≥

∂

∂t
Tij +

1

2
εgij

for all t ∈ [0, δ]. Let us suppose for the moment that Sij ≡ 0. By assumption we then
have

∂

∂t
T̃ij ≥

∂

∂t
Tij +

1

2
εgij > ∆Tij + bk∇kTij = ∆T̃ij + bk∇kT̃ij (24)

on [0, δ].

We also have T̃ij > 0 at t = 0 and we want to show that this remains so on [0, δ]. For
this purpose suppose that there is a first time θ ∈ [0, δ] such that there is some point
p ∈ M and a vector 0 6= v = {vi} ∈ TpM of unit length with T̃ijv

ivj = 0. We construct a
contradiction from this situation: Locally around p we may extend v to a (smooth) vector
field on TpM × [0, δ], which we again denote by v = {vi}. We may choose v such that
∇kv

i = 0 at (θ, p) and such that vi does not depend on t. By letting

f := T̃ijv
ivj
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we transfer the problem to the realm of smooth functions and may proceed in analogy to
the proof of the ordinary maximum principle: Since f ≥ 0 for 0 ≤ t ≤ θ it follows

∂

∂t
f ≤ 0 at (θ, p).

On the other hand, p is a local minimum of f(θ, ·), that is, we have

∇kf = 0 and ∆f ≥ 0.

If one of these relations was not satisfied, there would be a geodesic γ through p such that
f(θ, γ(q)) < 0 for some q near p, which contradicts the minimality of θ.
As a consequence we get a contradiction to (24) by

∂

∂t
T̃ijv

ivj =
∂

∂t
f ≤ ∆f + bk∇kf = ∆T̃ijv

ivj + bk∇kT̃ijv
ivj at (θ, p).

where we have used the relations ∂
∂t
f = ( ∂

∂t
T̃ij)v

ivj, ∇kf = ∇k(T̃ij)v
ivj and

∆f = ∆T̃ijv
ivj + 2gkl T̃ijv

i︸︷︷︸
=0

∇k∇lv
j = ∆T̃ijv

ivj,

which are due to the particular choice of v.
If we now allow for Sij 6≡ 0, (24) takes the form

∂

∂t
T̃ij ≥

∂

∂t
Tij +

1

2
εgij > ∆Tij + bk∇kTij + Sij = ∆T̃ij + bk∇kT̃ij + Sij. (25)

If, however, we invoke the assumptions on Φ, we may reason as follows: Since v is a null-
eigenvector for T̃ij, we have for S̃ = Φ(T̃ ) the relation S̃ijv

ivj ≥ 0. On the other hand,
observe that we have T̃ij − Tij = ε(δ + t)gij for t ∈ [0, δ]. According to the assumption
this implies |Sij − S̃ij| ≤ C(η)(δ + t)ε ≤ 2C(η)δε for some C(η) < ∞. Altogether it
follows Sijv

ivj ≥ 2C(η)δε. If necessary, we then decrease δ > 0 that much that we have
2C(η)δε < ε/2. If we then plug v into (25), we get with gijv

ivj = 1

∂

∂t
T̃ijv

ivj ≥ ∂

∂t
Tijv

ivj > ∆Tijv
ivj + bk∇kTijv

ivj = ∆T̃ijv
ivj + bk∇kT̃ijv

ivj,

and we can construct the contradiction as above.
We thus have shown that T̃ij > 0 on [0, δ]. Repeating the argument finitely many times
yields the same result for [0, T − η]. We now let ε → 0 and thus obtain Tij ≥ 0 on
[0, T − η]. The theorem follows by letting η → 0. �

4.3 Preservation of modified convexity
Theorem 4.6 is a crucial tool we want apply to the evolution equation of the second
fundamental form given by

∂

∂t
hij = ∆hij − 2Hhm

j him + |A|2hij + hijR̄
l

0l0

−hjlR̄
l m
mi − hilR̄

l m
mj + 2hlmR̄

l m
i j − ∇̄jR̄

l
0li − ∇̄lR̄

l
0ij . (26)

We therefore have to control all quantities involved such that the conditions of the theorem
are satisfied.
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Example 4.8. For motivational reasons suppose for the moment that the ambient space
be Euclidean. Then both R̄ and ∇̄R̄ vanish and (26) takes the form

∂

∂t
hij = ∆hij − 2Hhm

j him + |A|2hij. (27)

Setting Tij := hij, bk ≡ 0 and Sij := −2Hhjlhimg
lm + |A|2hij shows that according to

theorem 4.6 an initially convex hypersurface (i.e. hij ≥ 0 at t = 0) remains convex on the
interval I = [0, T [ (i.e. hij ≥ 0 for 0 ≤ t < T ). This is clear since Sij is a polynomial in hij

formed by contracting products of hij by the metric gij. Thus it satisfies the continuity
condition in theorem 4.6. Moreover, the null-eigenvector condition becomes trivial due
to hijv

ivj > 0 for all v 6= 0 - there are no null-eigenvectors of Tij. We thus see that we
indeed can use the maximum principle to show that convexity is preserved, at least in the
special case of Euclidean ambient space.

Now we turn our interest to general Riemannian ambient spaces. It will turn out that in
contrast to the above example we do not succeed by simply setting Tij := hij. Instead
we first provide a basic technical preparation which enables us to apply theorem 4.6 in
several different cases. Note that in the following considerations all tensors are defined
on M × [0, T [.
We define the symmetric tensor

Tij :=
hij

H
− fgij

for some smooth function f to be chosen. Our goal is to write down the parabolic
differential equation (23) for some bk and Sij.
We need two technical lemmas.

Lemma 4.9. For a smooth function ϕ and a smooth tensor field Mij we have

∆
Mij

ϕ
=

ϕ∆Mij −Mij∆ϕ

ϕ2
− 2

ϕ
g

(
∇ϕ,∇

(
Mij

ϕ

))
.

Proof. Direct calculation. �

Remark 4.10. We have used the notation g
(
∇ϕ,∇

(
Mij

ϕ

))
:= gkl∇kϕ∇l

(
Mij

ϕ

)
.

Lemma 4.11. We have
∂

∂t

1

Hα
= ∆

(
1

Hα

)
+

2

H
g

(
∇H,∇

(
1

Hα

))
−α(α− 1)

1

Hα+2
|∇H|2 − α

Hα
(|A|2 + R̄ l

0l0 ).

Proof. We have
∂

∂t

1

Hα
=

α

Hα+1

∂

∂t
H =

α

Hα+1
(∆H +H(|A|2 + R̄ l

0l0 ))

and
∆

(
1

Hα

)
= gkl∇k

(
−α

Hα+1
∇lH

)
=

−α

Hα+1
∆H + α(α + 1)

1

Hα+2
|∇H|2.
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Thus we get

∂

∂t

1

Hα
= ∆

(
1

Hα

)
− α(α + 1)

1

Hα+2
|∇H|2 − α

Hα
(|A|2 + R̄ l

0l0 ).

From this and
2

H

〈
∇H,∇(

1

Hα
)

〉
= −2

α

Hα+2
|∇H|2

the assertion follows. �

Returning to Tij defined above we get by lemma 4.9

∆Tij =
H∆hij − hij∆H

H2
− 2

H
g

(
∇H,∇

(
hij

H

))
− gij∆f. (28)

Moreover, by lemma 4.11 and by the evolution equation of the second fundamental form
(26) we compute using ∂

∂t
gij = −2Hhij

∂

∂t
Tij =

∆hij

H
+ hij∆

1

H
+

Uij

H

+hij
2

H
g

(
∇H,∇ 1

H

)
− hij

H
(|A|2 + R̄ l

0l0 )−
∂

∂t
fgij + 2fHhij, (29)

where for reasons of clearness we comprise the terms of the right hand side of (26) without
the Laplacian by Uij :=

∂
∂t
hij −∆hij.

One easily verfies that we have

∆
1

H
= −∆H

H2
− 2

H
g

(
∇H,∇ 1

H

)
.

By this identity we derive from (29)

∂

∂t
Tij =

H∆hij − hij∆H

H2
+

1

H
Uij −

hij

H
(|A|2 + R̄ l

0l0 )

− ∂

∂t
fgij + 2fHhij. (30)

By finally putting (28) and (30) together we obtain an equation similar to the one required
for the tensorial maximum principle:

∂

∂t
Tij = ∆Tij +

2

H
g (∇H,∇Tij) +

2

H
g (∇H,∇(f)gij) + gij∆f

+
1

H
Uij −

hij

H
(|A|2 + R̄ l

0l0 )−
∂

∂t
fgij + 2fHhij. (31)

Indeed the structure of this equation matches with the one treated in (23), where bk =
2
H
∇lHglk and

Sij =
2

H
g (∇H,∇(f)gij) + gij∆f +

1

H
Uij

−hij

H
(|A|2 + R̄ l

0l0 )−
∂

∂t
fgij + 2fHhij. (32)
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This preparation was useful since we now can study the nature of Sij dependent on the
choice of f . In particular we have to examine it in view of the conditions demanded in
theorem 4.6.
For the moment let us ignore the null-eigenvector condition and turn our interest to the
continuity condition. We have to consider T̃ij = Tij + εgij and show that for any small
η > 0 there is a constant C(η) such that |S̃ij − Sij| < C(η)ε. Observe that we get S̃ij by
replacing f by f + ε in (32). We thus get |S̃ij − Sij| = 2εH|hij|. Since H and |hij| are
bounded on [0, T − η], the continuity condition is satisfied.
It now only remains to appropriately choose the function f such that the second condition
of the tensorial maximum principle 4.6 - the null-eigenvector condition for Sij - is satisfied.
Then the maximum principle applies, stating that the relation Tij ≥ 0 is valid as long as
the mean curvature flow goes on, provided that it holds on M0.
Applying this statement to our definition of Tij, we are able to show that for appropriate
choices of f relations of the form

Hhij ≥ H2fgij (33)

remain true as long as the flow goes on, whenever they are satisfied at t = 0. (Of course
the choice of f has to imply the null-eigenvector condition for Sij.)

Remark 4.12. Observe that equation (33) is equivalent to hij ≥ Hfgij, provided that
H > 0. For f ≡ 0 this is just the definition of convexity. For other choices of f ,
however, the original notion of convexity gets modified. For example, earlier we have
assumed H2 > n2K1, K1 > 0, to show that the solution exists only on a finite time
interval. This implies f ≥ nK1/H

2, including an ambient curvature term in the convexity
condition. The result gets less powerful the more terms are involved. However, the
maximum principle demands that we have to choose f in such a way that the null-
eigenvector condition is satisfied.

Since Uij and thus Sij contain terms involving the ambient curvature tensor and its
gradient, we have to somehow control both quantities by f in order to guarantee the
null-eigenvector condition for Sij, as we will see. In addition to the lower bound −K1 of
the sectional curvatures we therefore impose another obstruction on the geometry of N .
We demand that |∇̄R̄|2 ≤ L2 for some L ≥ 0.
Then it turns out that we succeed if we demand that the relation

Hhij > nK1gij +
n2

H
Lgij (34)

be satisfied on M0. This is our modified convexity condition, which we want to show to
be preserved during the flow.

Remark 4.13. Contracting this relation yields H2 > n2K1 + n3L/H. For a suitable
choice of unit normal this implies H2 > n2K1, our earlier assumption, which we have
proved to be preserved. Moreover, for this choice of normal H is bounded from below by
minM0 H = Hmin(0) > n(K1)

1/2, since M0 is compact.

Observe that due to the strict inequality in (34) there is some 0 < ε < 1/n such that

Hhij ≥ nK1gij +
n2

H
Lgij + ε(H2 − n2K1)gij on M0. (35)

28



Accordingly we choose

f := ε+
1− nε

H2
nK1 +

n2

H3
L.

For this choice of f we now prove that the null-eigenvector condition of (4.6) is satisfied
for Sij.
To this end observe that we have to vary the tensor Tij by defining T̃ij = Tij + εgij
for strictly positive 0 ≤ ε < ε0 and show that the tensor S̃ = Φ(T̃ ) possesses the null-
eigenvector property. It is therefore sufficient to verify the null-eigenvector property for
all Tij = hij/H − fgij with choices of ε for which (35) still is valid, and we accordingly
choose ε0 small enough.
For any 0 ≤ ε < ε0 we then consider the first time t0 where at some point p ∈ Mt0 a zero
eigenvector v of Tij occurs. We have to show that Sijv

ivj ≥ 0 at p. Since this is a purely
pointwise relation, we may choose a convenient basis for TpMt0 . Therefore we choose a
basis {ei} such that gij = δij and hij becomes diagonal. Obviously Tij then is diagonal as
well, according to its definition. Moreover we may suppose that the Christoffel symbols
all vanish at p. We further assume that v = e1. Finally let κ1, . . . , κn be the eigenvalues
of hij at p. Because of v = e1 it is T11 = 0 and it follows

κ1 = Hf = Hε+
1− nε

H
nK1 +

n2

H2
L.

If we compute ∂
∂t
f , ∇f and ∆f and plug these terms into (32), we obtain

Sij = −2hilh
l
j + 2εHhij +

2n(1− nε)

H
K1hij +

2n2

H2
Lhij +

2n(1− nε)

H4
K1|∇H|2gij

+
6n2

H5
L|∇H|2gij +

1

H
(2hlmR̄

l m
i j − hjlR̄

l m
mi − hilR̄

l m
mj )− 1

H
(∇̄jR̄

l
0li + ∇̄lR̄

l
0ij )

+

(
2n(1− nε)

H2
K1 +

3n2

H3
L

)
(|A|2 + R̄ l

0l0 )gij.

We then consider Sijv
ivj = S11 and employ that in our frame we have the relations

− 1

H
(∇̄1R̄

l
0l1 + ∇̄lR̄

l
011 ) ≥ −2n

H
L.

and
−2h1lh

l
1 + 2εHh11 +

2n(1− nε)

H
K1h11 +

2n2

H2
Lh11 = −2HM11h11 = 0

and
2n(1− nε)

H4
K1|∇H|2g11 +

6n2

H5
L|∇H|2g11 ≥ 0

and
1

H
(2hlmR̄

l m
1 1 − h1lR̄

l m
m1 − h1lR̄

l m
m1 ) =

2

H

n∑
l=2

R̄1l1l(κl − κ1)

as well as |A|2 ≥ H2/n and R̄ l
0l0 ≥ −nK1.

Combining all these relation and applying them to S11 yields

S11 ≥
2

H

n∑
l=2

R̄1l1l(κl−κ1)−
2n

H
L+2(1−nε)K1+

3n

H
L− 2n2(1− nε)

H2
K2

1 −
3n3

H3
LK1. (36)
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Now observe that by our agreement that all ambient sectional curvatures be bounded
from below by −K1, we are allowed to further estimate

2

H

n∑
l=2

R̄1l1l(κl − κ1) ≥ − 2

H
K1

n∑
l=2

(κl − κ1) = − 2

H
K1(H − nκ1).

If we now plug in the value for κ1 and use this estimate with (36), we finally find

Sijv
ivj = S11 ≥

n

H
L(1− n2

H2
K1),

which is non-negative due to the fact that we have found H2 ≥ n2K1 as long as the
solution exists (remark 4.13).

Thus Sij satisfies the null-eigenvector condition; the maximum principle applies and we
conclude that the relation

Hhij ≥ nK1gij +
n2

H
Lgij + ε(H2 − n2K1)gij

remains true for the same 0 < ε < 1/n as long as the solution exists, that is on [0, T [.

We summarize the results of this chapter.

Theorem 4.14. Let M0 be a closed hypersurface which is smoothly immersed in a Rie-
mannian manifold N . Suppose that all sectional curvatures of N are bounded from below
by −K1 for some K1 ≥ 0. If we have H > n(K1)

1/2 on M0, it follows that the mean
curvature flow of M0 can have a solution only on a finite time interval [0, T [.

Furthermore suppose that |∇̄R̄|2 ≤ L2 for some L ≥ 0. If on M0 we have the relation

Hhij > nK1gij +
n2

H
Lgij,

then this remains true on the whole interval [0, T [.

Remark 4.15. The above proof has shown that for our particular choice of f the null-
eigenvector condition of Sij is satisfied. However, we had to include terms involving the
bounds K1 and L of ambient curvature. One might doubt if this is really necessary, or
if they might have been avoided by using sharper arguments. In particular the question
arises, if proper convexity (and not the modified convexity from above) is preserved, too,
even in the case when K1 or L do not vanish. We will discuss this question in the chapters
6 and 7.

Before that, however, we examine how the relation of the principal curvatures changes
during the flow, particularly when t approaches the singularity T < ∞ of H.
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5 The pinching of the principal curvatures
In the last chapter we have learned that for the maximal mean curvature flow solution of
smooth compact initial surfaces M0 without boundary the relation

Hhij > nK1gij +
n2

H
Lgij

is preserved, if true on M0. Moreover, we have seen that the solution only exists on the
finite time interval [0, T [, T < ∞.
In the present chapter we examine how in this case the principal curvatures κi, i = 1 . . . , n
of Mt are related to each other, especially for t → T . The reason why we restrict our
discussion to this case is that we then are able to invoke the results of the previous chapter.
As it will turn out, the proceeding mean curvature flow forces the principal curvatures to
get pinched in a sense which will be specified below. This is another major result of [8],
where, however, the technical details of the proof are largely omitted. We have therefore
decided to illuminate the employed techniques in detail in order to give a complete picture
of this extensive proof.

Remark 5.1. The proof uses a whole string of different estimates, many of which take
advantage of the assumptions and results of the previous chapters. As said above, we
therefore keep all assumptions both on M0 and N of theorem 4.14 throughout the entire
chapter. In particular we then have the bounds K1 and L of the ambient curvature terms
at our disposal, as well as the fact that for some 0 < ε < 1/n relation (35) is satisfied
during the flow, as we have seen in the proof of theorem 4.14. Finally recall that we have
chosen the unit normal such that we have H > 0 on M × [0, T [. All these assumptions
will be employed in the following arguments.

5.1 The problem
Let κ1, . . . , κn be the eigenvalues of the second fundamental form hij of Mt. Evidently
the quantity

1

n

n∑
i<j

(κi − κj)
2 (37)

measures how far the κi diverge from each other.

Lemma 5.2. We have
1

n

n∑
i<j

(κi − κj)
2 = |A|2 − 1

n
H2.

Proof. At p ∈ Mt we choose coordinates such that gij = δij and hij = diag(κ1, . . . , κn)
becomes diagonal. Then

n|A|2 −H2 = n
n∑

i=1

κ2
i − (

n∑
i=1

κi)
2 = n

n∑
i=1

κ2
i −

n∑
i=1

κ2
i −

∑
i<j

2κiκj

= (n− 1)
n∑

i=1

κ2
i −

∑
i<j

2κiκj =
∑
i<j

(κ2
i − 2κiκj + κ2

j) =
∑
i<j

(κi − κj)
2.

�
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Remark 5.3. It is always |A|2 −H2/n ≤ H2. For, in the setting of the proof above, this
is equivalent to n

∑
κ2
i ≤ (n + 1)(

∑
κi)

2, which is true if all κi ≥ 0. This, in turn, is a
fact which directly follows from relation (35).
According to the remark it is clear that the function

fσ :=
|A|2 − 1

n
H2

H2−σ
, fσ : Mt → R, (38)

for σ = 0 is bounded uniformly in t. It is, in turn, not trivial to answer this question for
fσ, σ > 0. In other words: The principal curvatures indeed approach each other, if there
is an (arbitrarily small) σ > 0 such that fσ is bounded uniformly in t.
Our goal in this chapter is therefore to prove the existence of some σ > 0 such that fσ is
bounded uniformly in t.
Remark 5.4. In view of the extent of the proof it is advisable to briefly outline the
structure of the proof. At the beginning we derive an evolution equation for fσ similar
to the ones developped earlier for other quantities. This equation is improved by several
estimates taking advantage of the assumptions listed in remark 5.1. The result is employed
to conclude that sufficiently high p-norms of fσ are bounded uniformly in time. An
argument using a general Sobolev inequality along with an iteration method finally yields
the desired bound. As we will see, the arguments demand two additional assumptions
on the geometry of N : an upper bound for the sectional curvature as well as a strictly
positive lower bound for the injectivity radius.

5.2 The evolution equation for fσ

Let σ > 0 from now on. As we want to study the behaviour of fσ during the flow, we
have to look at its evolution equation.
In view of the evolution equations derived earlier, we expect it to be of the form

∂

∂t
fσ = ∆fσ + bk∇kfσ + cfσ + d. (39)

We therefore compute the quantities ∂
∂t
fσ, ∆fσ, and ∇kfσ in order to determine bk, c,

and d.
To compute the time derivative ∂

∂t
fσ we take advantage of the evolution equations of |A|2

and H given in lemma 3.11 and lemma 3.10, respectively. Let α := 2− σ. Based on the
definition of fσ we compute

∂

∂t
fσ =

1

Hα
[∆|A|2 − 2|∇A|2 + 2|A|2(|A|2 + R̄ l

0l0 )

−4(hijhm
j R̄

l
mli − hijhlmR̄milj)

−2hij(∇̄jR̄
l

0li + ∇̄lR̄
l

0ij )]− α
|A|2

Hα+1
(∆H +H(|A|2 + R̄ l

0l0 ))

−(2− α)
H1−α

n
(∆H +H(|A|2 + R̄ l

0l0 ))

=
H∆|A|2 − α|A|2∆H

Hα+1
− 2− α

n
H1−α∆H − 2

Hα
|∇A|2

+(|A|2 + R̄ l
0l0 )(2− α)fσ −

4

Hα
(hijhm

j R̄
l

mli − hijhlmR̄milj)

− 2

Hα
hij(∇̄jR̄

l
0li + ∇̄lR̄

l
0ij ). (40)
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Note that in the second identity we have used the definition of fσ to collect terms. On
the other hand we have

∇kfσ =
∇k|A|2

Hα
− α

|A|2

Hα+1
∇kH − (2− α)

H1−α

n
∇kH. (41)

If we covariantly differentiate (41) once more and contract, we get

∆fσ =
H∆|A|2 − α|A|2∆H

Hα+1
− 2− α

n
H1−α∆H − 2

α

Hα+1

〈
∇|A|2,∇H

〉
+|∇H|2

[
α(α + 1)

|A|2

Hα+2
− (2− α)(1− α)

H−α

n

]
. (42)

Furthermore from (41) it follows

〈∇fσ,∇H〉 = 〈∇|A|2,∇H〉
Hα

− α|A|2

Hα+1
|∇H|2 − (2− α)

H1−α

n
|∇H|2. (43)

Now we collect terms and write down the evolution equation of fσ in the form of (39).
It turns out, however, that in view of the subsequent estimates it is handy to further
simplify the equation by the following lemma to the final form

∂

∂t
fσ = ∆fσ +

2(α− 1)

H
〈∇H,∇fσ〉+(2− α)(|A|2 + R̄ l

0l0 )fσ︸ ︷︷ ︸
[1]

(44)

− 2

Hα+2
|H∇ihkl − hkl∇iH|2︸ ︷︷ ︸

[2]

−(2− α)(α− 1)

Hα+2

(
|A|2 − 1

n
H2

)
|∇H|2︸ ︷︷ ︸

[3]

− 4

Hα
(hijhjlR̄

l m
mi − hijhlmR̄iljm)︸ ︷︷ ︸
[4]

− 2

Hα
hij(∇̄jR̄

l
0li + ∇̄lR̄

l
0ij )︸ ︷︷ ︸

[5]

.

Lemma 5.5. It is

|H∇ihkl − hkl∇iH|2 = H2|∇A|2 + |A|2|∇H|2 −
〈
∇|A|2,∇H

〉
H.

Proof. The assertion follows from

|H∇ihkl − hkl∇iH|2 = H2|∇ihkl|2 + |A|2|∇H|2 − 2Hgimgknglshkl∇iH∇mhns

and

2gimgknglshkl∇iH∇mhns = gimgkngls(hkl∇mhns + hns∇mhkl)∇iH

= gim∇m(g
knglshklhns)∇iH =

〈
∇|A|2,∇H

〉
.

�

Remark 5.6. In view of the parabolic structure of (44) the question arises if it is possible
to directly derive a bound for fσ by means of the maximum principle, similarly to how
we have bounded H from below in the last chapter. This is, however, not possible, since
the maximum principle requires that the coefficient of fσ be negative or zero. In our case
this is (2 − α)(|A|2 + R̄ l

0l0 ) which is far away from being negative. We thus have to use
other methods.

Observe that the evolution equation contains terms involving hij as well as terms involving
the ambient curvature and its gradient. We exploit this in the following section as a
possibility to improve evolution equation (44) by our earlier assumptions and results.
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5.3 Improving the evolution equation
Our aim in this section is to improve the evolution equation of fσ. In particular, we
derive an differential inequality for fσ by employing the assumptions made in remark
5.1. Basically, these are the validity of estimate (35), which is a means to estimate terms
involving hij uniformly in t ∈ [0, T [, and the existence of the lower bounds −K1 of the
ambient sectional curvatures and the bound L of the curvature gradient.

In addition to that, we from now on assume that the ambient sectional curvature be
bounded from above by K2 > 0.

We intend to estimate the terms [1] to [5] of the evolution equation (44) from above. For
this purpose first observe that term [3] is always negative due to lemma 5.2 and thus can
be omitted.

For term [2] we exploit the fact that it contains hij. Consequently we may apply relation
(35), aiming to get an estimate involving the gradient of H as well as ε. This is indeed
the case, as the following lemma shows.

Lemma 5.7. The assumptions listed in remark 5.1 imply that the relation

|H∇ihkl − hkl∇iH|2 ≥ 1

4
ε2H2|∇H|2 − cn

ε
max{K2

1 , K
2
2}H2 (45)

holds everywhere on Mt for all t ∈ [0, T [. cn is a constant depending only on n.

Proof. We have

|H∇ihkl − hkl∇iH|2 = |1
2
H(∇ihkl +∇khil)−

1

2
(hkl∇iH + hil∇kH)

+
1

2
H(∇ihkl −∇khil)−

1

2
(hkl∇iH − hil∇kH)|2.

The first and the second summand are symmetric in i and k, whereas the third and the
fourth summand are antisymmetric in i and k, whence the above is equal to

1

4
|(H∇ihkl +∇khil)− (hkl∇iH + hil∇kH)|2

+
1

4
|(H∇ihkl −∇khil)− (hkl∇iH − hil∇kH)|2

≥ 1

4
|H(∇ihkl −∇khil)− (hkl∇iH − hil∇kH)|2

=
1

4
|HR̄0lki − (hkl∇iH − hil∇kH)|2, (46)

where in the last identity we have applied the Codazzi equations ∇ihkl −∇khil = R̄0lki.

Since the desired estimate is a pointwise one and since | · |2 does not depend on the
choice of basis, we now may choose a suitable reference frame in order to simplify further
estimations. Choose for instance an orthonormal frame e1, . . . , en at p ∈ Mt such that
e1 = ∇H/|∇H| for the case that |∇H| > 0. (The case |∇H| = 0 is trivial and not
considered here.) Then all components of ∇H vanish except for ∇1H = |∇H|.

Let U be a linear subspace of TpMt and let U⊥ be its orthogonal complement. It is an
obvious fact that any tensor T as a multilinear map on TpMt may be decomposed into
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the direct sum of its orthogonal projections S and S⊥ onto U and U⊥, respectively. We
then have g(S, S⊥) = 0. It follows |T |2 = |S|2 + |S⊥|2 and thus |T |2 ≥ |S|2. In our case
we choose U := span(e1, e2) and consequently find that (46) is equal to or larger than

1

4
(R̄0112H + |∇H|h21)

2 +
1

4
(R̄0121H − |∇H|h21)

2

+
1

4
(R̄0212H + |∇H|h22)

2 +
1

4
(R̄0221H − |∇H|h22)

2

≥ 1

4
(R̄0212H + |∇H|h22)

2 +
1

4
(R̄0221H − |∇H|h22)

2

=
1

2
(R̄0212H + |∇H|h22)

2.

Now we have reached the point where we may apply relation (35), which in our frame
takes the form

Hh22 ≥ nK1 +
n2

H
L+ ε(H2 − n2K1) ≥ εH2 + nK1(1− nε) ≥ εH2,

since 0 < ε < 1/n. This implies that the above is greater than or equal to

1

2
R̄2

0212H
2 +

1

2
|∇H|2ε2H2 + |∇H|h22HR̄0212.

If R̄0212 ≥ 0 the assertion is immediate. Otherwise, because of 0 ≤ h22 < H, we have

|∇H|h22HR̄0212 ≥ |∇H|H2R̄0212 ≥ −1

4
ε2H2|∇H|2 − 1

ε2
H2R̄2

0212,

according to Cauchy’s inequality with η given by

ab ≤ 1

2η
a2 +

η

2
b2 for a, b ∈ R and η > 0.

Then we further estimate

|H∇ihkl − hkl∇iH|2 ≥ 1

4
ε2H2|∇H|2 − 1

ε2
H2R̄2

0212 ≥
1

4
ε2H2|∇H|2 − cn

ε2
max{K2

1 , K
2
2}H2,

and the assertion follows. �

Remark 5.8. Observe that here we have used that the ambient sectional curvatures be
bounded from both below and above by −K1 and K2, respectively. The second estimate
is justified by the possibility of recovering R̄0212 by means of sectional curvatures (see for
example the proof of lemma 3.3 of [2], p. 95)

Now we focus on terms [4] and [5] of (44), which are terms contributing information about
the ambient curvature and its gradient. Thus we may use the bounds K1, K2 and L to
derive upper estimates.
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To handle term [4] we once more introduce suitable coordinates: At a fixed point we
assume that hij = κiδij, where κi are the eigenvalues of hij. In this setting we have

hijhjlR̄
l m
mi − hijhlmR̄iljm =

∑
l,m

(κ2
l R̄lmlm − κlκmR̄lmlm)

=
1

2

[∑
l,m

(κ2
l − κlκm)R̄lmlm +

∑
l,m

(κ2
m − κlκm)R̄lmlm

]

=
1

2

∑
l,m

(κl − κm)
2R̄lmlm =

∑
l<k

(κl − κm)
2R̄lmlm

≥ −K1

∑
l<k

(κl − κm)
2 = −nK1

(
|A|2 − 1

n
H2

)
.

By the definition of fσ we thus conclude

− 4

Hα
(hijhjlR̄

l m
mi − hijhlmR̄iljm) ≤ nK1fσ. (47)

Now consider term [5]. We define the traceless second fundamental form by

h̃ij := hij −
H

n
gij.

The trace of term [5] with respect to i, j vanishes due to

gij(∇̄jR̄
l

0li + ∇̄lR̄
l

0ij ) = gijglm(∇̄jR̄0lim + ∇̄lR̄0ijm)

= gijglm(∇̄jR̄0lim − ∇̄lR̄0imj) = gijglm∇̄jR̄0lim − glmgij∇̄lR̄0imj = 0.

Thus it follows that

hij(∇̄jR̄
l

0li + ∇̄lR̄
l

0ij ) = h̃ij(∇̄jR̄
l

0li + ∇̄lR̄
l

0ij ),

which is according to Cauchy-Schwarz less than or equal to

|h̃ij||∇̄jR̄
l

0li + ∇̄lR̄
l

0ij | ≤
1

2
|h̃ij|2 + 1

2
|∇̄jR̄

l
0li + ∇̄lR̄

l
0ij |2.

Using |h̃ij|2 = |h̃ij|2 = |A|2 − H2

n
= fσH

α and |∇̄R̄|2 ≤ L2 we conclude

− 2

Hα
hij(∇̄jR̄

l
0li + ∇̄lR̄

l
0ij ) ≤ Cfσ + C

1

Hα
, (48)

where C ≥ 0 depends on L.
Finally it is obvious that term [2] may be estimated as follows:

(2− α)(|A|2 + R̄ l
0l0 )fσ ≤ σ|A|2fσ + Cfσ, (49)

where C depends on n, K1 and K2, the bounds of the ambient sectional curvatures.
Combining estimates (45),(47), (48) and (49) with (44) we get

∂

∂t
fσ ≤ ∆fσ +

2(α− 1)

H
〈∇H,∇fσ〉 −

ε2

2Hα
|∇H|2 + σ|A|2fσ + C

1

Hα
+ Cfσ. (50)

The constant C now depends on n, ε, K1, K2 and L.
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Remark 5.9. Note that this improved inequality comprises three important pieces of
information: The evolution equation of fσ on the one hand, and, on the other hand, the
fact that (modified) convexity is preserved according to theorem 4.14, as well as the fact
that the ambient curvature terms are assumed to be bounded.

The following section will show how one can use it to derive a bound for high Lp-norms
of fσ.

5.4 Bounding high Lp-norms of fσ

The next step towards a uniform upper bound of fσ, which is our main goal, is to derive
an upper bound C for all

||fσ||p =
(∫

Mt

fp
σ dµt

) 1
p

, p ≥ p0, σ ≤ σ(p),

independently of p and t. Here the constant C should only depend on M0, Hmin(0), as
well as K1, K2 and L. Once we have established that, this knowledge strongly suggests
that fσ is indeed uniformly bounded from above for some sufficiently small σ. This is
presented in detail in the next section, which will finally complete the proof.
We take inequality (50) as a starting point, which we integrate and then modify by a
variety of estimations.
When integrating, note that the induced measure dµ = µt(x)dx =

√
det gijdx on Mt

depends on t. When considering time derivatives of integrals over Mt, we therefore have
to take into account that µt changes with t according to the following

Lemma 5.10. The changing rate of the induced measure on Mt is given by
∂

∂t
µt = −H2 · µt.

Proof. We have the Radon-Nikodym derivative dµ/dx =
√
det gij.

Thus ∂
∂t
µt =

∂
∂t

(√
det gij

)
, and if we work in an orthonormal frame we get

∂

∂t

(√
det gij

)
= det gij

∑
i,j

gij
∂

∂t
gij = −H2,

due to det(gij) = 1, gij = δij and lemma 3.5. The assertion follows. �

Remark 5.11. It follows |M0| ≥ |Mt| for all t ∈ [0, T [, because of ∂
∂t
|Mt| = −

∫
Mt

H2 dµ ≤
0 on [0, T [.

By the above lemma we compute time derivatives of integrals as follows.
∂

∂t

∫
Mt

fp
σ dµ =

∫
Mt

∂

∂t
(fp

σ) dµ−
∫
Mt

H2fp
σ dµ =

∫
Mt

pfp−1
σ

∂

∂t
fσ dµ−

∫
Mt

H2fp
σ dµ (51)

In view of the first term of the right hand side of (51) we multiply (50) by pfp−1
σ and

integrate. We then apply (51) to the resulting inequality. Moreover we use∫
Mt

fp−1
σ ∆fσ dµ = −(p− 1)

∫
Mt

fp−2
σ |∇fσ|2 dµ,
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which is integration by parts (recall that Mt has no boundary), and∫
Mt

H−1 〈∇H,∇fσ〉 fp−1
σ dµ ≤

∫
Mt

H−1|∇H||∇fσ|fp−1
σ dµ,

which follows from the Cauchy-Schwarz inequality. Thus we obtain

∂

∂t

∫
Mt

fp
σ dµ+ p(p− 1)

∫
Mt

fp−2
σ |∇fσ|2 dµ

︸ ︷︷ ︸
[1]

+
pε2

2

∫
Mt

1

Hα
fp−1
σ |∇H|2 dµ

︸ ︷︷ ︸
[2]

+

∫
Mt

H2fp
σ dµ ≤ 2(α− 1)p

∫
Mt

H−1|∇H||∇fσ|fp−1
σ dµ

︸ ︷︷ ︸
[3]

+σp

∫
Mt

|A|2fp
σ dµ

+ pC

∫
Mt

fp−1
σ

Hα
dµ+ pC

∫
Mt

fp
σ dµ, (52)

where C depends, as in (50), on n, ε, K1, K2 and L.
Let us consider the terms involved in (52). We follow the idea of making certain terms of
the inequality get “absorbed” by other terms by treating them with standard inequalities.
The terms [1], [2] and [3] of (52), for example, suggest to be “merged” by Chauchy’s
inequality with η given by

ab ≤ η

2
a2 +

1

2η
b2 (53)

for any η > 0, a, b ∈ R.
Let us suppose p ≥ 2 from now on.
Then, setting a := |∇fσ|, b := f |∇H|/H and η := (p− 1)/2 in (53), we get

2p

∫
Mt

H−1|∇H||∇fσ|fp−1
σ dµ ≤ 1

2
p(p− 1)

∫
Mt

fp−2
σ |∇fσ|2 dµ+ 2

p

p− 1

∫
Mt

1

H2
fp
σ |∇H|2 dµ.

Combining this with 2(α− 1) ≤ 2 and fσ ≤ H2−α (follows from remark 5.3), we conclude
that term [3] is smaller than or equal to

1

2
p(p− 1)

∫
Mt

fp−2
σ |∇fσ|2 dµ+ 2

p

p− 1

∫
Mt

1

Hα
fp−1
σ |∇H|2 dµ. (54)

Note that basically these are the terms [1] and [2]. Applying this estimate to (52) and
afterwards subtracting (54) from both sides, we obtain

∂

∂t

∫
Mt

fp
σ dµ+

1

2
p(p− 1)

∫
Mt

fp−2
σ |∇fσ|2 dµ

︸ ︷︷ ︸
[1]

+

(
pε2

2
− 2p

p− 1

)∫
Mt

1

Hα
fp−1
σ |∇H|2 dµ

︸ ︷︷ ︸
[2]

≤ σp

∫
Mt

H2fp
σ dµ︸ ︷︷ ︸

[3]

+ pC

∫
Mt

fp−1
σ

Hα
dµ+ pC

∫
Mt

fp
σ dµ︸ ︷︷ ︸

[4]

. (55)
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As it will turn out in view of the following estimations it is handy to demand that

pε2

2
− 2p

p− 1
≥ pε2

4
,

which is equivalent to p ≥ (8+ε2)ε−2 and may, for example, be simplified to the condition

p ≥ 200ε−2, (56)

since we chose ε to be small. Let p satisfy this condition from now on.

Remark 5.12. Some more work has to be done in order to further simplify inequality
(55). Consider terms [1], [2] and [3]. Unfortunately term [3] including its coefficient is
positive and thus cannot simply be omitted. On the other hand, for our choice of p terms
[1] and [2] are positive, too, which gives hope that they might cancel out with term [3].
This is suggested even more, as σ may be chosen arbitrarily small. In fact, this estimation
is possible, as the following lemma shows. However, its proof is rather extensive as many
estimates are involved. We therefore have decided to only describe the crucial ideas here
and give the thorough proof in the appendix.

Lemma 5.13. Let p ≥ 2. Then for any η > 0 and any 0 ≤ σ ≤ 1
2

we have the estimate

nε2

2

∫
Mt

H2fp
σ dµ ≤ (η(p− 1) + 4)

∫
Mt

1

Hα
fp−1
σ |∇H|2 dµ+

p− 1

η

∫
Mt

fp−2
σ |∇fσ|2 dµ

+ C

∫
Mt

H2 dµ+ C

∫
Mt

fp
σ dµ+ C, (57)

where C depends on ε, M0, Hmin(0), K1, K2, and L.

Scetch of proof. The main idea is to exploit an inequality for the Laplacian derived
from (43). We integrate it by parts over Mt and take advantage of the fact that there
are no boundary terms occurring. Then the remaining terms are estimated by means of
the Chauchy-Schwarz inequality and Chauchy’s inequality with η (see (53)). The lemma
follows by applying relation (35) once more in order to estimate terms involving hij.

We multiply (57) by 2σp/(nε2) and apply it to term [3] of (55). In the resulting inequality
we then combine identical integrals and obtain the relation

∂

∂t

∫
Mt

fp
σ dµ+

[
1

2
p(p− 1)− 2σp

nε2
p− 1

η

]
︸ ︷︷ ︸

:=ξ1

∫
Mt

fp−2
σ |∇fσ|2 dµ

+

[
pε2

4
− 2σp

nε2
(η(p− 1) + 4)

]
︸ ︷︷ ︸

:=ξ2

∫
Mt

1

Hα
fp−1
σ |∇H|2 dµ

≤ pC

∫
Mt

fp−1
σ

Hα
dµ+ pC

∫
Mt

fp
σ dµ+

2σp

nε2

C

∫
Mt

H2 dµ+ C

∫
Mt

fp
σ dµ+ C

 . (58)
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Clearly we may now choose σ = σ(p) > 0 so small that - for some suitable choice of
η = η(p) > 0 - the expressions ξ1 and ξ2 are not negative. We then may modify the
estimate by setting ξ1 = ξ2 = 0. Observe that the same holds for all 0 < σ̃ < σ with the
same η. We may, for instance, choose

σ ≤ nε3

32
√
p
,

along with some suitable η, as one readily verifies.
The terms on the right hand side of (58) may also be estimated. Since H is bounded from
below by Hmin(0) > 0 for all 0 ≤ t < T , we have∫

Mt

fp−1
σ

Hα
dµ ≤ 1

(Hmin(0))α

∫
Mt

fp−1
σ dµ = C(Hmin(0))

∫
Mt

fp−1
σ dµ.

We further estimate by remark 5.11∫
Mt

fp−1
σ dµ ≤ |Mt|+

∫
Mt

fp
σ dµ

≤ |M0|+
∫
Mt

fp
σ dµ = C(M0)

p +

∫
Mt

fp
σ dµ.

By means of these two estimates (58) takes the final form

∂

∂t

∫
Mt

fp
σ dµ ≤ pC

∫
Mt

fp
σ dµ+ pCp

∫
Mt

H2 dµ+ pCp, (59)

which holds for all p ≥ 200ε−2 and σ ≤ nε3p1/232−1.
Here we have C = C(n, ε,K1, K2, L,M0, Hmin(0)).
This inequality can now be used to derive an upper bound for ||fσ||p by means of the
following lemma.

Lemma 5.14. Suppose that there is some C > 0 and some p0 > 0 and σ0 > 0 such that
for all p ≥ p0 there is a sufficiently small 0 < σ(p) < σ0 such that

∂

∂t

∫
Mt

fp
σ(p) dµ ≤ pC

∫
Mt

fp
σ(p) dµ+ pCp

∫
Mt

H2 dµ+ pCp on [0, T [. (60)

Then there is some ∞ > K = K(C,M0) > 0 such that(∫
Mt

fp
σ(p) dµ

) 1
p

≤ K for all p ≥ p0 and for all t ∈ [0, T [.

Proof. First observe that due to lemma 5.10 we have∫
Mt

H2 dµ = − ∂

∂t

∫
Mt

dµ = − ∂

∂t
|Mt|.
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Let now p ≥ p0. Since epCt ≥ 1 for t ∈ [0, T [, it follows for ϕp(t) :=
∫
Mt

fp
σ(p) dµ that we

have
∂

∂t
ϕp(t) ≤ pCϕp(t) + pCp

∫
Mt

H2 dµ+ epCtpCp.

Let ϕ̃p be a solution of this equality with ϕ̃p(0) = ϕp(0). Then it is ϕp(t) ≤ ϕ̃p(t) on [0, T [.
The function ϕ̃p, however, is given by ϕ̃p(t) = ϕp(0)+ tpCpepCt+ pCp(|M0| − |Mt|). Thus

sup
[0,T [

ϕp(t) ≤ ϕp(0) + TpCpepCT + pCp|M0|.

Note that p
√
p → 1 for p → ∞. For all t ∈ [0, T [ we then conclude(∫

Mt

fp
σ(p) dµ

) 1
p

≤ (sup
M0

fσ0 + TpCpepCT + pCp|M0|)
1
p ≤ K,

which holds for all p ≥ p0 and for some suitable K = K(C,M0) > 0, since M0 is compact
and T < ∞. �

Remark 5.15. Observe that here we have explicitly exploited the fact that in the current
setting the mean curvature flow can have a solution only on a finite time interval [0, T [,
T < ∞.

In particular we obtain the following result.

Theorem 5.16. For all
p ≥ 200

ε2
and σ ≤ nε3

32
√
p

we have ||fσ||p ≤ K on the whole interval 0 ≤ t < T . The constant K depends on n, ε,
M0, Hmin(0) and the bounds K1, K2 and L of the ambient curvature.

As a direct consequence of this theorem we get

Corollary 5.17. Let m ∈ N. Then there is some K > 0 depending on the same quantities
as above such that the relation(∫

Mt

Hmfp
σ dµ

) 1
p

≤ K holds for all t ∈ [0, T [ and p ≥ p0,

provided that we choose p0 large enough and σ := σ(p) > 0 small enough.

Proof. In view of the definition fσ := (|A|2 − H2/n)/H2−σ we see that we always may
arrange that (∫

Mt

Hmfp
σ dµ

) 1
p

=

(∫
Mt

fp
σ′ dµ

) 1
p

for σ′ = σ +m/p. If p is large enough, σ′ remains small enough such that theorem 5.16
applies. �

The above theorem and its corollary are the crucial means which we employ to derive the
bound for fσ in the next section.
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5.5 Bounding fσ

In this section we will finally derive a uniform bound for fσ for some σ > 0. We roughly
describe the basic idea: fσ is bounded uniformly in t if there is some k ∈ N such that
max{fσ − k, 0} remains zero everywhere on Mt and for all t ∈ [0, T [. The number k may
be arbitrarily large - as long as it does exist.

The idea the procedure is based upon is inspired by the following lemma on certain non-
increasing positive functions. Consider the sets A(c) := {x ∈ Mt | fσ(x) > c} for fixed
0 ≤ t < T and c ∈ R+. Obviously these sets have the property A(d) ⊆ A(c) whenever
d ≥ c. Accordingly, the function ϕ : R → R defined by

ϕ(c) := ||A(c)|| :=
∫ T

0

∫
A(c)

dµ dt (61)

is non-increasing and positive.

It is evident that the existence of the desired uniform bound of fσ is equivalent to the
fact that A(k) = ∅ for some k ∈ N and for all 0 ≤ t < T , which, in turn, is the same as
demanding that ϕ(c) vanish for all c > k.

It thus remains to show that ϕ behaves like this. Since ϕ is non-increasing and positive,
it meets the requirements of the following lemma, which reduces the problem to the
derivation of a certain condition of decrease for ϕ.

Lemma 5.18. Let ϕ be a non-decreasing, non-negative function defined on [k0,∞[ such
that for all h > k ≥ k0 the condition of decrease

ϕ(h)(h− k)p ≤ C(ϕ(k))γ for some positive constants p, C, γ (62)

is satisfied with γ > 1. Then ϕ(x) vanishes for all x ≥ k0 + d, where

dp = C · 2
pγ
γ−1 (ϕ(k0))

γ−1.

Proof. Consider the sequence ks := k0 + d− d
2s

. Obviously it tends to k0 + d from below
and we have finished if we manage to prove that ϕ(ks) tends to zero for s → ∞.

Using induction on s, we achieve this by showing that

ϕ(ks) ≤
ϕ(k0)

2−sµ
with µ =

p

1− γ
for all s ∈ N. (63)

The case s = 0 is trivial.

Now suppose that (63) is satisfied for s, and we want to show that it also holds for s+1.

We have
(ks+1 − ks)

p = − d

2s+1
+

d

2s
=

d

2s+1

and we thus observe that by assumption (62) we have

ϕ(ks+1) ≤ C
2p(s+1)

dp
(ϕ(ks))

γ.
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From this it follows by the induction hypothesis that

ϕ(ks+1) ≤ C
2p(s+1)

dp

(
ϕ(k0)

2−sµ

)γ

,

and according to the definition of dp we obtain

ϕ(ks+1) <
ϕ(k0)

2−(s+1)µ
.

�

In the sequel we will demonstrate how condition (62) can be verified for the particular
ϕ defined above: We will gradually derive it from an integral inequality which we partly
already have established. The main idea all estimations are inspired by is the statement
of corollary 5.17, saying that integrals of terms of the form Hmfp

σ are bounded uniformly
in t.

Beforehand we provide a Sobolev inequality for general submanifolds of Riemannian man-
ifolds, which we do not prove, for this would go beyond the scope of this work.

Remark 5.19. We need this inequality since we will have to control gradient terms occur-
ring under the integral. In such situations one usually employs Sobolev-type estimates in
order to relate the gradient integral to an integral involving the function itself. In contrast
to Euclidean space, however, such a Sobolev inequality is not immediately available for
the present setting of general Riemannian manifolds. D. Hoffman and J. Spruck (cf. [9])
have established a general Sobolev inequality holding on arbitrary submanifolds of Rie-
mannian manifolds. Depending on the size of the support of the function v to be treated
by the inequality, though, the ambient space has to behave “well” in that the injectivity
radius of the ambient space, which is the maximum distance below which geodesics are
minimizing, must be bounded by an arbitrarily small, strictly positive quantity.

Definition 5.20. Let M ⊂ N be a submanifold of a (complete) Riemannian manifold
N , and let p ∈ M . Furthermore let γ : [0,∞[→ N be a normalized geodesic in N with
γ(0) = p.
By the cut point of p along γ we denote the point γ(t), where t > 0 is the minimal number
such that γ([0, t]) is not minimizing.

By the cut locus of p Cm(p) we denote the union of all cut points of p.

Finally we denote by the injectivity radius of N restricted to M the number i|M(N) :=
inf
p∈M

d(p, Cm(p)).

We cite theorem 2.1 from [9], which we have adapted to our case. It then takes the form

Theorem 5.21. Let n ≥ 2. Further let Mn → Nn+1 be an isometric hypersurface
immersion of Riemannian manifolds. Assume that M has no boundary and that the
sectional curvature Kp(σ) be bounded from above by K2, K2 > 0, for all p ∈ Nn+1 and all
two-planes σ ⊂ TpN

n+1. Furthermore let v be a nonnegative Lipschitz function on M .
Then (∫

M

v
n

n−1 dµ

)n−1
n

≤ C(n)

(∫
M

|∇v| dµ+

∫
M

|H|v dµ
)
, (64)
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provided
K2(1− α)−

2
n (ω−1

n |supp v|)
2
n ≤ 1 and 2ρ0 ≤ i|M(N),

where ωn is the volume of the unit ball and

ρ0 = K
−1/2
2 arcsin(K

1/2
2 (1− α)−

1
n (ω−1

n |supp v|)
1
n ).

Here α is a free parameter, 0 < α < 1, and

C(n) =
1

2
π · 2n−2α−1(1− α)−

1
n

n

n− 1
ω
− 1

n
n .

Remark 5.22. Regarding the somewhat complicated conditions, we note that in our case
the particular values of ρ0, α and C(n) will not matter; it is only important to observe that
whenever K2 > 0 is given along with a lower bound χ > 0 for i|M(N), the theorem holds
if we restrict ourselves to functions v whose support supp v is small enough, dependent
on K2 and χ. Of course the upper bound K2 of the ambient sectional curvature coincides
with the K2 introduced earlier and is thus already assumed to exist. However, we have
to additionally assume the existence of the lower bound χ for i(N) to make the theorem
apply.

Remark 5.23. We will not explicitly need the Sobolev inequality in the form given above.
Rather we modify the exponents in a typical way: Let n ≥ 3. For ξ := 2n−2

n−2
> 1 we apply

(64) on vξ and get by the Hölder inequality(∫
M

v
ξn
n−1 dµ

)n−1
n

≤ C(n)ξ

∫
M

vξ−1|∇v| dµ+ C(n)

∫
M

Hvξ dµ

≤ C(n)ξ

(∫
M

v2(ξ−1) dµ

) 1
2
(∫

M

|∇v|2 dµ
) 1

2

+ C(n)

(∫
M

v2(ξ−1) dµ

) 1
2
(∫

M

H2v2 dµ

) 1
2

.

The reason for the particular choice of ξ is that we have ξn/(n−1) = 2(ξ−1) = 2n/(n−2)
and (n− 1)/n− 1/2 = (n− 2)/2n. Division by (

∫
M
v2(ξ−1))1/2 yields(∫

M

v
2n
n−2 dµ

)n−2
2n

≤ C̃(n)

(∫
M

|∇v|2 dµ
) 1

2

+ C̃(n)

(∫
M

H2v2 dµ

) 1
2

, (65)

with C̃(n) = ξC(n). We will need this version of the Soboley inequality later.

Additionally note that in the case n = 2 we obtain a similar alternative from (64): This is
just (65) with the exponents 2n/(n−2) and (n−2)/2n replaced by q and 1/q, respectively,
where q may take any value 1 ≤ q < ∞.

We now derive the condition needed in lemma 5.18. We start by defining the set of
functions to work with:

fσ,k := max{fσ − k, 0} for k ≥ k0 := sup
M0

fσ.
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Remark 5.24. The definition of k0 implies fσ,k ≡ 0 on M0, which will be of importance
later.

In section 5.3 we have derived relation (50), which has the form

∂

∂t
fσ ≤ ∆fσ +

2(α− 1)

H
〈∇H,∇fσ〉 −

ε2

2Hα
|∇H|2 + σ|A|2fσ + C

1

Hα
+ Cfσ,

where C = C(n, ε,K1, K2, L). Recall that this was a consequence of the evolution equation
for fσ and theorem 4.14. We use this inequality as a starting point and proceed similarly
to how we did in section 5.4: First we multiply it by pfp−1

σ,k . In section 5.4 we then
integrated over Mt; in this case we instead integrate over A(k), since fσ,k vanishes outside
A(k). Taking into account that

∂

∂t
fσ =

∂

∂t
fσ,k and ∇fσ = ∇fσ,k on A(k)

and fσ,k ≡ 0 on ∂A(k), we conclude analogously to (55) and get

∂

∂t

∫
A(k)

fp
σ,k dµ+

1

2
p(p− 1)

∫
A(k)

fp−2
σ,k |∇fσ,k|2 dµ

≤ σp

∫
A(k)

H2fp
σ dµ+ pC

∫
A(k)

fp−1
σ,k

Hα
dµ+ pC

∫
A(k)

fp
σ,k dµ. (66)

Remark 5.25. Again, C = C(n, ε,K1, K2, L). Moreover, we can control the two last
terms on the right hand side by a constant C̃(p) depending on p, C, M0 and Hmin(0), by
taking into account that Hα ≥ (Hmin(0))

α,
∫
A(k)

fp−1
σ,k dµ ≤ |Mt|+

∫
A(k)

fp
σ,k dµ, as well as

|Mt| ≤ |M0|. Plus, C̃(p) and thus the whole left hand side can be estimated from above
by

C(p)

∫
A(k)

H2fp
σ dµ,

since we have fp
σ ≥ kp on A(k) and H2 ≥ (Hmin(0))

2. Here C(p) depends on p, n, ε, M0,
Hmin(0) and the bounds of the ambient curvature.

It is easy to verify that on A(k) we have
1

2
p(p− 1)fp−2

σ,k |∇fσ|2 ≤ |∇f
p/2
σ,k |

2,

which - applied to (66) - yields with v := f
p/2
σ,k and remark 5.25 the estimate

∂

∂t

∫
A(k)

v2 dµ+

∫
A(k)

|∇v|2 dµ ≤ C(p)

∫
A(k)

H2fp
σ dµ. (67)

Remark 5.26. Observe that the term on the right hand side suggests to be treated by
corollary 5.17, whereas the first term is the one we want to control. We thus have to take
care for the term on the left hand side involving ∇v, which can now be treated by the
adapted version of the Sobolev inequality (65) we have provided above. In view of remark
5.22 we have to ensure that the support of v is sufficiently small, where “sufficiently”
refers to the given upper bound K2 > 0 of the ambient sectional curvature and χ > 0,
the lower bound of the injectivity radius of the ambient space.
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From now on we will assume the injectivity radius of N to be uniformly bounded from
below by χ > 0.
We cope with the restriction imposed by the injectivity radius by observing that supp v
gets arbitrarily small for large k according to

|supp v| ≤ |A(k)| =
∫
A(k)

dµ ≤ 1

k

∫
Mt

fσ dµ,

which, in view of theorem 5.16, is bounded from above by C/k, where C depends on n,
ε, M0, Hmin(0) and the ambient curvature bounds.
Thus |supp v| gets arbitrarily small if we choose k large enough. Consequently we restrict
our considerations to all k ≥ k1, where k1 = k1(χ) ≥ k0 is large enough such that (65) is
valid.
Now we are ready to apply the Sobolev inequality. Squaring (65) and afterwards applying
the relation (a+ b)2 ≤ 2a2 + 2b2 (which holds for all a, b ∈ R) to the right hand side, we
obtain for a suitable new choice of C(n)(∫

Mt

v2q dµ

) 1
q

≤ C(n)

∫
Mt

|∇v|2 dµ+ C(n)

∫
Mt

v2q dµ.

By the Hölder inequality we conclude from (65) that(∫
Mt

v2q dµ

) 1
q

≤ C(n)

∫
Mt

|∇v|2 dµ+ C(n)

(∫
supp v

Hn dµ

) 2
n
(∫

Mt

v2q dµ

) 1
q

,

where here and in the last inequality we have set

q =
n

n− 2
for n > 2 and q < ∞ for n = 2,

according to remark 5.22. This relation shows that we indeed are able to handle the
gradient term by estimating it by integrals of (powers of) v.
The additional term involving Hn, which distinguishes the general Sobolev inequality
from the well-known one in Rn, is not very much of importance here, as it can be made
arbitrarily small by (once more) increasing k: As supp v ⊆ A(k) and fσ/k > 1 on A(k)
we get by Corollary 5.17(∫

supp v

Hn dµ

) 2
n

≤
(

1

kp

) 2
n
(∫

A(k)

Hnfp
σ dµ

) 2
n

≤
(

1

kp

) 2
n

C
2p
n

provided that p is large enough and σ is small enough.
We therefore raise the considered k, if necessary, that is we introduce a new lower bound
k2 ≥ k1 and restrict ourselves to all k ≥ k2. Then it follows from (67)

∂

∂t

∫
A(k)

v2 dµ+ C̃(n)

(∫
A(k)

v2q dµ

) 1
q

≤ C(p)

∫
A(k)

H2fp
σ dµ, (68)

where again C̃(n) > 0 only depends on n. Now we consider t0 ∈ [0, T ] such that∫
A(k)

v2 dµ |t0≥
∫
A(k)

v2 dµ |t for all t ∈ [0, T ].
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Moreover, observe that due to our choice of k0 (remark 5.24) we have∫
A(k)

v2 dµ |0= 0 for all k ≥ k0.

Thus
sup
[0,T ]

∫
A(k)

v2 dµ =

∫ t0

0

∂

∂t

(∫
A(k)

v2 dµ

)
dt ≤

∫ T

0

∂

∂t

(∫
A(k)

v2 dµ

)
dt,

which yields in combination with (68)

sup
[0,T ]

∫
A(k)

v2 dµ+ C̃(n)

∫ T

0

(∫
A(k)

v2q dµ

) 1
q

dt ≤ C(p)

∫ T

0

∫
A(k)

H2fp
σ dµ dt. (69)

In order to proceed we have to invoke the interpolation inequality for Lp-spaces (see Evans
[4]), which is a direct implication of the Hölder inequality. In our case it takes the form(∫

A(k)

v2q0 dµ

)1/q0

≤
(∫

A(k)

v2q dµ

)a/q (∫
A(k)

v2 dµ

)(1−a)

,

for q0 > 1, and a > 0 has to be chosen such that 1/q0 = a/q + (1 − a). Here we set
a = 1/q0, which implies 1 < q0 < q due to the value of q. (In the case n = 2 we simply
choose q large enough.) Applying the interpolation inequality to (69) yields the estimate(∫ T

0

∫
A(k)

v2q0 dµ dt

)1/q0

≤ C(p)

∫ T

0

∫
A(k)

H2fp
σ dµ dt (70)

with C(p) = C(p, n, ε,M0, Hmin(0), K1, K2, L). Employing the Hölder inequality once
more yields that this is less than or equal to

C(p)|A(k)|1−1/r

(∫ T

0

∫
A(k)

H2rfpr
σ dµ dt

)1/r

, for some r > 1 to be chosen.

The power q0 of the left integral in (70) can be avoided by means of the Hölder inequality.
For we have ∫ T

0

∫
A(k)

v2 dµ dt ≤ |A(k)|1−1/q0

(∫ T

0

∫
A(k)

v2q0 dµ dt

)1/q0

,

whence by fσ,k = v2 we “shift” the power q0 to the right hand side to finally find∫ T

0

∫
A(k)

fp
σ,k dµ dt ≤ C(p)|A(k)|2−1/q0−1/r

(∫ T

0

∫
A(k)

H2rfpr
σ dµ dt

)1/r

.

Now we have reached our aim. For observe that by definition of fσ,k we can reason as
follows: Let h > k. Then for all x ∈ A(h) ⊂ A(k) we have fσ,k(x) ≥ h− k. Thus we may
estimate the above left hand side from below by |h− k|p|A(h)|.
On the other hand, the integral on the above right hand side is of such a form that
corollary 5.17 applies whatever value r > 1 may take, provided that p is large and σ is
small enough. Let us accordingly fix the values of these two variables in such a way that the
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corollary applies. (These values depend on r). Then the entire integral may be replaced
by a constant.

Note that if we choose r > 1 such that 2 − 1/q0 − 1/r = γ > 1, we exactly have derived
the condition required by lemma 5.18. Thus this lemma applies and ensures that indeed
there is some σ > 0 such that fσ is bounded uniformly in t.

Remark 5.27. Note that the lemma applies despite the fact that the constant C(p) still
depends on p as well as n, ε, M0, Hmin(0), K1, K2 and L.

We summarize:

Theorem 5.28. Assume the conditions of theorem 4.14 to be satisfied. Moreover assume
that

sec(p) ≤ K2 for all p ∈ N and some K2 ≥ 0

and
ip(N) ≥ χ > 0 for all p ∈ N,

where ip(N) is the injectivity radius of N at p.

Then there is some σ > 0 such that fσ = |A|2−H2/n
H2−σ is bounded uniformly for all t ∈ [0, T [.

That is, |A|2−H2/n becomes small compared to H2 and the eigenvalues of hij get pinched
together, if H tends to infinity.

We thus have finally shown that the principal curvatures get pinched together towards the
end of the finite interval [0, T [ on which the mean curvature flow exists. This fact is an
important step towards the main result in [8] stating that volume-preserving homothetic
expansions of the evolving surface will converge to a sphere.
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6 Example I: Hyperbolic space
The purpose of the following two chapters is to investigate the question posed in remark
4.15, namely if the convexity theorem 4.14 of chapter 4 might be improved by using
sharper arguments in the proof. In particular, we concentrate on the terms involving the
ambient curvature bounds K1 and L, which we had to take into account in the modified
convexity condition

Hhij > nK1gij +
n2

H
Lgij. (71)

Thus the notion of convexity had to be adapted to the particular geometrical structure of
the ambient space. Recall that the occurrence of these terms is due to our choice of the
function f in the proof of theorem 4.14, and it is fair to assume that this choice might not
be optimal. The following examples, however, suggest that we cannot expect a crucial
improvement, for example by replacing the above modified convexity condition by

hij > 0. (72)

Moreover we examine the consequences of omitting only one of the additional terms.
For this purpose we consider two different ambient spaces N1 and N2 such that in N1 we
have K1 > 0 and L = 0, whereas in N2 we have K1 = 0 and L > 0 . In each case we (at
least locally) construct a smooth convex hypersurface M0 losing its convexity as soon as
it is moved by mean curvature flow. (By “convex” we now and in the sequel always refer
to the original notion of convexity in the sense of definition 4.1.)

Remark 6.1. A special case occurs if we have Euclidean ambient space. Then K1 = L =
0, and the modified convexity condition (71) is equivalent to (72).

In the present chapter we discuss the first example where we choose a locally symmetric
ambient space N1 with strictly negative sectional curvature, the hyperbolic space. Local
symmetry is equivalent to ∇̄R̄ ≡ 0, whence we have K1 > 0 and L = 0.
In the next chapter we choose N2 to be a distorted sphere, the Berger sphere, which has
positive sectional curvatures while not being locally symmetric. Hence K1 = 0 and L > 0.
Both times we use the same approach: We construct a smooth hypersurface immersion
M which is (not necessarily strictly) convex away from one point p. At p all eigenvalues
κi of hij are constructed to be strictly positive, except for one of them, say κ1, which we
demand to satisfy κ1 = 0.
We then invoke the evolution equation for the second fundamental form, which we use to
show that hij must take a strictly negative eigenvalue at p as soon as the surface is moved
by mean curvature flow.
We now discuss the first example.

6.1 Hyperbolic space and its geometry
It is easy to find a locally symmetric space (i.e. ∇̄R̄ ≡ 0) with strictly negative sectional
curvature. For if the (sectional) curvature is constant, the space is automatically locally
symmetric, due to the following

Lemma 6.2. Spaces of constant sectional curvature are locally symmetric.
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Proof. Let M be a space of constant curvature. Suppose that we have constant sectional
curvature at all p ∈ M and all two-dimensional planes in TpM . This implies that if we
choose local coordinates {xi} around p we have for all i, j

Rijij

giigjj − (gij)2
= K.

It is now a purely algebraic fact that all components of R can be recovered by means of
the relation above. In fact we have

Rijkl = K[gikgjl − gjkgil]

for all i, j, k, l.
From this we derive for the components of ∇R under the assumption that gij = δij at
TpM :

∇mRijkl =
∂

∂xm
Rijkl − Γn

miRnjkl − Γn
mjRinkl − Γn

mkRijnl − Γn
mlRijkn

= K(δjl
∂

∂xm
gik + δik

∂

∂xm
gjl − δil

∂

∂xm
gjk − δjk

∂

∂xm
gil

−K

2
δns(

∂

∂xm
gis +

∂

∂xi
gms −

∂

∂xs
gmi)(δnkδjl − δnlδjk)

−K

2
δns(

∂

∂xm
gjs +

∂

∂xj
gms −

∂

∂xs
gmj)(δikδnl − δilδnk)

−K

2
δns(

∂

∂xm
gks +

∂

∂xk
gms −

∂

∂xs
gmk)(δinδjl − δilδjn)

−K

2
δns(

∂

∂xm
gls +

∂

∂xl
gms −

∂

∂xs
gml)(δikδjn − δinδjk)

= 0. (73)

�

Thus hyperbolic space, which has constant strictly negative curvature, is a suitable can-
didate for N1.

Remark 6.3. In fact hyperbolic space is the only simply connected Riemannian manifold
M with constant negative curvature. It also is essentially the only complete one, apart
from quotient spaces with respect to the action of certain subgroups of the group of
isometries of M , see Petersen [13].

There are several ways to represent hyperbolic space. A common one is the upper half
space representation

Hn := {(x1, . . . , xn) ∈ Rn|xn > 0}

with the metric
gij(x1, . . . , xn) =

δij
x2
n

.

From now on we will restrict ourselves to the dimension n = 3.
However, the way by which we will describe hyperbolic space is using cylindrical coordi-
nates. These coordinates are constructed as follows: Start at some point x0 in H3, choose
some direction, and let γ(t) be the geodesic in that direction. Also choose an orthonormal
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basis e1, e2 for the subspace orthogonal to γ at x0, and parallel transport this along γ to
get an orthonormal basis e1(t), e2(t) for the subspace orthogonal to γ̇(t) for each t. At
γ(t) choose an angle θ and a radial distance r and walk the distance r along the geodesic
starting at γ(t) in direction cos(θ)e1(t) + sin(θ)e2(t).
Consequently, cylindrical coordinates parametrize H3 according to the mapping

Φ(r, θ, t) = expγ(t)(r cos(θ)e1(t) + r sin(θ)e2(t)).

Remark 6.4. Observe that expγ(t) is defined for all r ∈ R+ since H3 is geodesically
complete and the injectivity radius is infinite. For more details on hyperbolic space see
[2].
The metric takes a nice form in cylindrical coordinates, which is is well-known and stated
without proof.
Lemma 6.5. In cylindrical coordinates given as above by (r, θ, t) 7→ Φ(r, θ, t) ∈ H3 the
metric of H3 takes the form

g11 = cosh2(r), g22 = 1, g33 = sinh2(r), g12 = g13 = g23 = 0.

with respect to the natural frame ξ1 :=
∂
∂t
, ξ2 :=

∂
∂r
, ξ3 :=

∂
∂θ
.

We determine the geometry of H3 in terms of these coordinates, starting with the compu-
tation of the Levi-Civita connection via the Christoffel symbols. Since we consider H3 as
ambient space, we denote all geometric quantities by a bar according to our conventions
in the previous chapters, that is

Γ̄k
ij =

1

2
ḡkm

(
∂

∂xi
ḡmj +

∂

∂xj
ḡim − ∂

∂xm
ḡij

)
.

Lemma 6.6. In terms of the above frame {ξi} the Christoffel symbols of H3 all vanish
apart from

Γ̄1
12 = Γ̄1

21 =
sinh(r)

cosh(r)
, Γ̄2

11 = − cosh(r) sinh(r)

Γ̄2
33 = − cosh(r) sinh(r), Γ̄3

23 = Γ̄3
32 =

cosh(r)

sinh(r)
.

Proof. Straightforward calculation. �

Furthermore we have
Lemma 6.7. In terms of the above frame {ξi} the Riemann tensor of H3 has the compo-
nents

R̄1212 = − cosh2(r), R̄1313 = − cosh2(r) sinh2(r), R̄2323 = − sinh2(r). (74)

Again all other components vanish.

Proof. This is also a straightforward calculation based upon formula (5). �

Remark 6.8. According to Lemma 6.2 the Riemann tensor is indeed parallel, i.e. ∇R ≡
0, since we have constant sectional curvature due to

K =
R̄1212

g11g22
=

R̄1313

g11g33
=

R̄2323

g22g33
= −1.

Having the geometry of H3 at our disposal, we now construct a convex hypersurface losing
convexity.
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6.2 Constructing a hypersurface
In this section we first compute the second fundamental form of “rotational” hypersur-
faces. Afterwards we construct a suitable radial function, which determines a smooth
compact surface without boundary losing convexity under mean curvature flow.

For the construction we may take advantage of the structure of the cylindrical coordinates
by looking at rotational surfaces M of the shape

M = {F (ϕ, s) | s ∈ R, ϕ ∈ [−π, π[} ⊂ H3, with F (ϕ, s) := Φ(r(s), ϕ, s), (75)

where the radius r depends smoothly on s. Observe that since H3 is geodesically complete,
we may let s run all over the real axis, whereas ϕ is an angular coordinate chosen from
[−π, π[.

Let p ∈ M with p = F (ϕ, s). Suppose that r(s) is chosen in a way such that F is a
smooth immersion [−π, π[×I → H3 for some interval I ⊂ R. Then we have a natural
frame of M given by the vector fields

e1 :=
∂F

∂ϕ
= DF

(
∂

∂ϕ

)
and e2 :=

∂F

∂s
= DF

(
∂

∂s

)
,

which provides a basis {e1(p), e2(p)} to work with at TpM .

As usual we endow M with the metric g induced by H3, thus turning F into an isometry.
Consequently, we define g(ei, ej) := ḡ(ei, ej) for i, j ∈ {1, 2}.

We relate the geometry of M to the ambient geometry of H3 by means of the second
fundamental form.

For this purpose observe that the cylindrical coordinates (r, θ, t) provide the natural frame

ξ1 :=
∂

∂t
Φ, ξ2 :=

∂

∂r
Φ, ξ3 :=

∂

∂θ
Φ.

of H3. For each p ∈ M ⊂ H3 we thus can express the vectors ei(p), i = 1, 2, in terms of
the basis {ξj}. This yields

e1(p) = ξ3(p) and e2(p) = ξ1(p) + r′(s)ξ2(p).

How do the vectors ei change within the tangent bundle of H3, that is, seen from the
viewpoint of the ambient space?

This information is provided by the covariant derivations of local extensions of e1, e2, say
ẽ1, ẽ2. Recall the fact that covariant derivatives are pointwise objects which do not depend
on the particular choice of the extensions. We compute at p = F (ϕ, s) ∈ M :

∇̄ẽ2 ẽ2 = ∇̄ẽ2(ξ1 + r′(s)ξ2)

= ∇̄ẽ2ξ1 + r′′(s)ξ2 + r′(s)∇̄ẽ2ξ2

= ∇̄ξ1ξ1 + r′(s)∇̄ξ2ξ1 + r′′(s)ξ2 + r′(s)(∇̄ξ1ξ2 + r′(s)∇̄ξ2ξ2)

= Γ̄k
11ξk + r′(s)Γ̄k

21ξk + r′′(s)ξ2 + r′(s)Γ̄k
12ξk + (r′(s))2Γ̄k

22ξk

= 2r′(s)
sinh(r(s))

cosh(r(s))
ξ1 + [r′′(s)− cosh(r(s)) sinh(r(s))] ξ2.
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Similarly,

∇̄ẽ1 ẽ1 = ∇̄ξ3ξ3 = Γ̄k
33ξk = − cosh(r(s)) sinh(r(s))ξ2

∇̄ẽ2 ẽ1 = ∇̄ξ1ξ3 + r′(s)∇̄ξ2ξ3 = (Γ̄k
13 + r′(s)Γ̄k

23)ξk = r′(s)
cosh(r(s))

sinh(r(s)
ξ3.

Finally we need a unit normal at p.
If we take into account that the metric gij is orthogonal, it is easy to verify that the
normal space span(e1(p), e2(p))⊥ ⊂ TpH3 is given by Rν̃(p) with

ν̃(p) := −r′(s)ξ1(p) + cosh2(r(s))ξ2(p).

In particular, ν :=
(√

g(ν̃, ν̃)
)−1

ν̃ is a unit normal.

This yields

Lemma 6.9. Let M be a rotational surface as in (75). With the above choice of unit
normal the components of the second fundamental form hij of M at p ∈ M are given by

h22 =
−r′′(s) cosh(r(s)) + 2(r′(s))2 sinh(r(s)) + cosh2(r(s)) sinh(r(s))√

1 + (r′(s))2

h11 =
cosh2(r(s)) sinh(r(s))√

1 + (r′(s))2

h12 = h21 = 0.

Proof. This is an easy calculation using the Weingarten equations

hij = −ḡ(ν, ∇̄ẽi ẽj).

Observe that
√

g(ν̃, ν̃) = cosh(r(s))
√

1 + (r′(s))2. �

Before we construct a suitable radial function r, we provide the following useful

Lemma 6.10. Let p = F (ϕ, 0) ∈ M . Furthermore let r′(0) = 0. Then the Christoffel
symbols of the induced Levi-Civita connection of M vanish at p.

Proof. It is a basic fact from differential geometry that the induced connection ∇ of M
can be interpreted as the orthogonal projection of covariant derivatives of tangent vectors
of M onto the tangential bundle TM of M , where the covariant derivative is taken with
respect to the ambient space.
Working in the frame e1, e2 as above, we have the basis {e1(p), e2(p)} of TpM . Since
TpM ⊂ TpH3 we may decompose TpH3 into the direct sum of TpM and its orthogonal
complement (TpM)⊥ by means of the inner product g(p). Let π>(v) be the projection of
vectors v ∈ TpH3 onto TpM along (TpM)⊥. Then ∇ is determined by

∇eiej := π>(∇̄ẽi ẽj), i, j ∈ {1, 2},

where ẽi, ẽj denote arbitrary extensions of ei, ej.
In our particular case it immediately follows that for r′(0) = 0 we have at p

∇̄ẽi ẽj ∈ span{ξ2(p)} for i, j ∈ {1, 2}.
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Moreover, for r′(0) = 0
e1(p), e2(p) ∈ span{ξ1(p), ξ3(p)}.

Since the {ξi} are orthogonal and TpM = span{e1(p), e2(p)} it therefore follows at p that

∇eiej = 0 for i, j ∈ {1, 2}.

Thus the Christoffel symbols vanish at p. �

Now we are ready to construct the radial function r.

Theorem 6.11. There is an interval I := [−x0, x0], x0 > 0, and a smooth function
r : I → R such that the following conditions are fulfilled:
i) The mapping F : [−π, π[×R → H3, F (ϕ, s) := Φ(r(s), ϕ, s) smoothly parametrizes a
convex, closed hypersurface M .
ii) At the points F (ϕ, 0), ϕ ∈ [−π, π[ the second fundamental form hij of M takes a
negative eigenvalue as soon as M is moved by mean curvature flow.

Remark 6.12. The main idea the following proof is based upon is to choose the first
four derivatives of r at s = 0 in such a way that hij has a null-eigenvector at the points
F (ϕ, 0) and such that the evolution equation for hij (lemma 3.7) gets negative. From
this we conclude that M must take a strictly negative eigenvalue at these points as soon
as it is moved by mean curvature flow. The choice of these derivatives, however, should
not impact the convexity of M around F (ϕ, 0). Therefore the crucial negative portion in
the evolution equation has to be contributed by the ambient curvature terms, which is
possible because of the negative sectional curvature of H3.

Proof. The proof consists of two parts: First we derive the conditions on r to guarantee
the desired behaviour at s = 0, and secondly we will show that we have the additional
possibilitiy of choosing r in a way such that M is smooth, closed and convex everywhere
else.
We suppose r(0) = 1 and r′(0) = 0. Furthermore let p = F (ϕ, 0) for any ϕ.
Observe that lemma 6.9 yields h12 = h21 = 0, as well as h11 > 0. Due to r(0) = 1 and
r′(0) = 0 it also shows that we have h22 = 0 at p, provided that

−r′′(0)c1 + c21c2 = 0, with c1 = cosh(1) and c2 = sinh(1)

at p. This is equivalent to the condition

r′′(0) = c1c2, (76)

which we assume to be true from now on. Note that M then is convex, but not strictly
convex at p.
Under the above assumptions we want M to lose its convexity at p under mean curvature
flow. For this purpose we show, provided that a solution exists, that hij will take a strictly
negative principal curvature at p. Here we invoke the Hurwitz criterion, which states that
hij is positive semi-definite if and only if both h11 and dethij = h11h22 − h2

12 are greater
than or equal to zero. Since h11 > 0 and dethij = 0 at p, it is sufficient to show that

∂

∂t
(dethij) = h11

∂

∂t
h22 + h22

∂

∂t
h11 − 2h12

∂

∂t
h12 = h11

∂

∂t
h22 < 0 at p.

54



Since h11 > 0 at p, it remains to show that ∂
∂t
h22 < 0 at p. To this end we take into

account that H3 is locally symmetric (∇̄R̄ ≡ 0) and that h22 = h12 = h21 = 0. Then the
evolution equation for h22 (theorem 3.7 ) takes at p the simple form

∂

∂t
h22 = ∆h22 + 2hlkg

l1gk1R̄(e1, e2, e1, e2), (77)

which we want to take a negative value.
Let us consider ∆h22. Observe that because of r′(0) = 0 lemma 6.10 applies and all
Christoffel symbols of the induced connection of M vanish at p. Applying this to the
general formula for covariant derivatives of tensors, the second derivatives of hij simplify
to

∇el∇ekhij = el(ek(hij))− ek(Γ
n
lihnj)− ek(Γ

n
ljhin)− el(Γ

n
kihnj)− el(Γ

n
kjhin) at p.

Applying the product rule and the assumption that h22 = 0 we get

∇el∇ekh22 = el(ek(h22)) and ∆h22 = glkel(ek(h22)) at p.

Recall now that e1 = DF ( ∂
∂ϕ
) and e2 = DF ( ∂

∂s
). Since h22 depends on s but not on

ϕ, all second derivatives of h22 vanish except for e2(e2(h22)), which is simply the second
derivative of h22 with respect to s at p. If we differentiate the expression of h22 given in
lemma 6.9, we obtain with r(0) = 1 and r′(0) = 0

e2(e2(h22)) = −c1r
′′′′(0) + (r′′(0))3c1 + (3c2 − c21c2)(r

′′(0))2 + (3c31 − 2c1)r
′′(0)

= −c1r
′′′′(0) + 3c21c

3
2 + 3c41c2 − 2c21c2,

where in last identity we have employed r′′(0) = c1c2.
Note that we have e1(p) = ξ3(p) and e2(p) = ξ1(p). Thus g11 = ḡ33 = (sinh2(1))−1

and g22 = ḡ11 = (cosh2(1))−1 at p. All other components of gij vanish. Moreover, from
lemma 6.9 and r(0) = 1, r′(0) = 0 it follows that h11 = c21c2. Finally, R̄(e1, e2, e1, e2)
= R̄3131 = −c21c

2
2 by (74). Thus (77) takes the form

∂

∂t
h22 =

1

c21
e2(e2(h22)) + 2

h11

c42
R̄3131

=
1

c21
[−c1r

′′′′(0) + 3c21c
3
2 + 3c41c2 − 2c21c2]− 2

c41
c2

at p. (78)

Clearly the latter term 2h11R̄3131/c
4
2 is strictly negative. It is therefore possible to choose

r′′′′(0) such that ∆h22 = e2(e2(h22)) = ϑ > 0 and ∂
∂t
h22 < 0 at p. This is for instance the

case for
r′′′′(0) = 2. (79)

Thus we have derived the sufficient conditions ensuring that M is convex at p and hij

takes a negative eigenvalue as soon as M is moved by mean curvature flow.
Observe that all assumptions we have made on r up to now are satisfied by the symmetric,
smooth function

r(s) :=
√

1− a1s2 − a2s4 − a3s6

for appropriate choices of the coefficients ai. Obviously, r(0) = 1 and r′(0) = 0. Moreover,
since r′′(0) = −a1 we choose a1 = −c1c2 in order to satisfy (76). In addition to that we
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want to satisfy (79). Since r′′′′(0) = −3a21 − 12a2 we accordingly choose a2 = (−3c21c
2
2 −

2)/12.

Furthermore note that if we choose a3 > 0 there are points ±x0 ∈ R with r(−x0) =
r(x0) = 0 and r(s) > 0 for all −x0 < s < x0. We set I := [−x0, x0]. Then M is compact
and boundary-free.

It remains to check that M is smooth and convex for this choice of r. As to smoothness
it is sufficient to consider the points F (−x0, ϕ) and F (x0, ϕ), respectively. Note that due
to the squareroot, r′(s) tends to ±∞ as we let s → ∓x0. Thus the mapping F indeed
parametrizes a hypersurface M which is smooth everywhere.

In order to prove that M is convex away from the points F (0, ϕ) we first show that M is
even strictly convex on ]− x0, x0[\{0}. Due to lemma 6.9 this is equivalent to h22 > 0 for
i = 1, 2, since h11 is strictly positive everywhere.

We have r(−s) = r(s) for all s ∈ I. Then, for reasons of symmetry, the function h22 :
s 7→ h22(s) is symmetric, too, that is h22(−s) = h22(s) on I. Since r is smooth, h22 has a
horizontal tangent at s = 0, and thus a local minimum because of e2(e2(h22)) = ϑ > 0 at
p. Moreover, it is easy to verify that for our choice of r this is also a global minimum on
I. Thus we have h22 > 0 on ]− x0, x0[\{0}.

Finally it also follows that M is convex at the points F (−x0, ϕ) and F (x0, ϕ) due to
continuity reasons. �
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7 Example II: Berger spheres
In this chapter we turn our interest to the second situation we have announced: In an
appropriate ambient space N2 with nonnegative sectional curvature and which is not
locally symmetric, i.e. ∇R̄ 6≡ 0, we construct a convex hypersurface immediately losing
its convexity when moved by mean curvature flow. However, in this case we only give a
local description of the surface, whence we end up with a slightly different conclusion as
in the hyperbolic space example.
In contrast to the previous chapter, a great deal of work is devoted to the introduction
and discussion of the three-dimensional ambient spaces we work with: the Berger spheres.
The present chapter therefore is mainly divided into two parts.
In the first part we solely concentrate on the ambient space. Basically, Berger spheres are
distorted 3-spheres endowed with a 1-parameter family of Berger metrics whose definition
is closely related to the so-called Hopf fibration of the 3-sphere S3. We therefore first
describe the Hopf map and the Hopf fibration. Then we define and closely examine the
Berger spheres, revealing their Lie group nature and relating them to S3. Furthermore
we provide a few important facts from basic Lie group theory. Finally we compute the
important differential geometric quantities of Berger spheres, such as the Levi-Civita-
connection and the curvature.
In the second part we start by examining the geometry of a natural submanifold of
codimension 1. Then, using a graph approach over this submanifold, we locally construct
a convex hypersurface losing convexity under mean curvature flow. Again, convexity is
meant in the sense of definition 4.1.

7.1 Hypersphere and Hopf map
Our goal in this section is to provide both topological and geometrical information about
the hypersphere or 3-sphere. We motivate the definition of the Hopf map and show that
it is an isometric submersion.

Definition 7.1. The 3-sphere S3 is the set of all points in four-dimensional Euclidean
space with unit distance from the origin given by

S3 := {(a, b, c, d) ∈ R4 | a2 + b2 + c2 + d2 = 1}.

Identifying R4 ' C2, we may also write

S3 := {(z1, z2) ∈ C2 | |z1|2 + |z2|2 = 1}.

Let us describe important subsets of S3.

Definition 7.2. A (k-)subsphere of S3 is the intersection of S3 with a (k+1)-dimensional
vector subspace of R4 for k = 1, 2. A 1-subsphere is also called a great circle and a 2-
subsphere is called equator.

A fruitful way to understand higher dimensional objects like S3 is to use projections or
cross-sections of these objects to obtain lower dimensional pictures. In the following we
consider a special projection of S3, called the Hopf map. The Hopf map induces a fibration
of S3, that is a decomposition in non-intersecting great circles. This Hopf fibration, in
turn, gives rise to the definition of the Berger spheres we introduce later on.
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As the Hopf map is an interesting topic for itself, we will elaborate on it somewhat further
in this section. In particular we show that it is an isometric (or Riemannian) submersion
(see Petersen [13] for further references).

We start by considering mappings from R to S3 given by

t 7→ (eitz1, e
itz2),

for fixed (z1, z2) ∈ S3.

If we think of C2 as a C-linear vector space, this is simply inner multiplication by elements
of S1.

Observe that these mappings define an action of S1 on S3 by assigning to each eit ∈ R
the mapping ϕt from S3 onto itself defined by

ϕt : (z1, z2) 7→ (eitz1, e
itz2), (z1, z2) ∈ S3, with ϕt1+t2 = ϕt1 ◦ ϕt2 .

Definition 7.3. The orbits of this action, that is the sets {(eitz1, eitz2)|eit ∈ S1}, are
called Hopf fibers.

Lemma 7.4. Hopf fibers are great circles and for every z = (z1, z2) ∈ S3 there is a unique
Hopf fiber running through z.

Proof. Let z = (z1, z2) ∈ S3. The Hopf fiber {(eitz1, eitz2), t ∈ R} lies in the one-
dimensional C-linear subspace V of C2 spanned by z. Indeed it is just the intersection of
V with S3. V is uniquely determined and can be considered as a two-dimensional R-linear
vector subspace of R4, which proves the lemma according to definition 7.2. �

We thus can think of S3 as a set (or fibration) of non-intersecting great circles, the Hopf
fibers. It is easy to see that by this structure we have given an equivalence relation ∼R

on S3 by identifying all points lying in the same Hopf fiber. Precisely:

z ∼R z′ if and only if z = eitz′ for some t ∈ R.

A natural idea is now to try to somehow project S3 along its Hopf fibers onto some
two-dimensional object.

For this purpose let us consider the one-dimensional complex projective space P 1(C).
This is the set of all equivalence classes of the equivalence relation on C2\{0} given by
z ∼ z′ if z = λz′ for some λ ∈ C. Restricted on S3 ⊂ C2, this equivalence relation is just
the same as ∼R defined above.

Definition 7.5. The natural projection π∼ with respect to the above equivalence relation
∼ is a mapping

π∼ : C2 → P 1(C)

which maps each z ∈ C2 to the point π∼(z) := Cz ∈ P 1(C) . It is called Hopf map when
restricted to S3.

Remark 7.6. The Hopf fibration is the analogon to the one-dimensional fibration of the
1-sphere S1 ⊂ R2, which is induced by the restriction of the natural projection φ : R2 →
P 1(R) with φ(x) := Rx on S1. Here the fibers are just antipodal points {p,−p} for p ∈ S1.
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Remark 7.7. P 1(C) is topologically identical with Ĉ = C ∪ {∞}. Moreover, the stere-
ographic projection provides us with a tool to diffeomorphically identify S2 with Ĉ. The
Hopf map thus can be thought of a diffeomorphism from S3 to S2.

The somewhat abstract definition of the Hopf map π∼ : S3 → P 1(C) ' S2 given above
can be made clear by choosing suitable coordinates both for S3 and S2. An appropriate
choice of frame additionally shows that it is a Riemannian submersion, as we demonstrate
in the sequel.
We may represent a point p ∈ S3 by p = (eiθ1 sin t, eiθ2 cos t). This representation describes
the position of p ∈ S3 ⊂ C2 by specifying its position in two affine subspaces parallel to
{c = (c1, c2)|c1 = 0} and {c = (c1, c2)|c2 = 0}, respectively. The sections of S3 with these
subspaces are 1-spheres. This suggests a parametrization of S3 by

Φ : (t, eiθ1 , eiθ2) 7→ (eiθ1 sin t, eiθ2 cos t),

which describes the imbedding

Φ : ]0, π/2[ × S1 × S1 ↪→ S3(1) ⊂ C2.

By this parametrization the 3-sphere is seen as some sort of twofold rotational surface.
The imbedding Φ can be made isometric if we write the metric on S3 as

g1 = dt2 + sin2 tdθ21 + cos2 tdθ22,

where dθi are the standard metrics on the two 1-spheres. Obviously this metric, which is
a so-called doubly warped product, coincides with the standard metric on S3 induced by
R4.

Remark 7.8. The reason for the choice of these coordinates is the fact that on ]0, π/2[ × S1×
S1 the Hopf fibration takes the clear form

θ 7→ (t, ei(θ1+θ), ei(θ2+θ)).

Our intention is to describe the Hopf map as a mapping S3 → S2. We may even show that
it is a Riemannian (or isometric) submersion if we construct it as a mapping S3 → S2(1

2
).

Recall that an isometric submersion is a submersion whose differential at each point p
restricted to its cokernel is a linear isometry.
We now consider S2(1

2
). The trick is to represent S2(1

2
) in an analogous way as we

represented S3 above. A similar reasoning allows us to parametrize S2(1
2
) by

Ψ : (r, eiθ) →
(
1

2
cos(2r),

1

2
eiθ sin(2r)

)
, r ∈ [0, π/2],

where the somewhat strange choice of coefficients will be explained later. Observe that
in these coordinates the induced metric takes the form

g2 = dr2 +
sin2(2r)

4
dθ2.

Now recall that we have defined the Hopf map as the quotient mapping of the equiva-
lence relation induced by identifying points on the same Hopf fiber. Notice that in our
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parametrization Φ of S3 two points p1 = (t1, e
iθ1 , eiθ2), p2 = (t2, e

iϑ1 , eiϑ2) lie on the same
Hopf fiber if and only if θ1 − θ2 = ϑ1 − ϑ2 and t1 = t2.

Hence the Hopf map can be written as the mapping S3 → S2(1/2) with (t, eiθ1 , eiθ2) →
(t, ei(θ1−θ2)).

In addition to that it is possible to find frames for S3 and S2(1/2) by means of which it
gets clear that the Hopf map is an isometric submersion. For this purpose we first note
that the vector field v0 := ∂θ1 + ∂θ2 is tangent to the Hopf fibers on S3. Evidently, the
vector field v1 := ∂t is orthogonal to it and has unit length. Next observe that we can
easily construct another vector field v2 of unit length perpendicular to v0 and v1 namely

v2 =
cos2 t∂θ1 − sin2 t∂θ2

cos t sin t
.

By this construction we see that v1 and v2 span the cokernel of the Hopf map.

On the other hand we have an orthonormal frame on S2(1/2), namely

w1 = ∂r and w2 =
2

sin(2r)
∂θ.

It is clear that the Hopf map takes v1 to w1 and

v2 =
cos2 t∂θ1 − sin2 t∂θ2

cos t sin t
→ cos2 r∂θ + sin2 r∂θ

cos r sin r
=

2

sin(2r)
∂θ = w2,

which shows that it indeed is an isometric submersion.

Remark 7.9. The above considerations reveal that the geometry perpendicular to the
kernel of the differential of the Hopf map does not get affected. Only the direction along
the Hopf fibers “collapses”. This idea contributes to the definition of Berger spheres, as
we will see.

The next section points out another very important way to represent S3.

7.2 The hypersphere as a Lie group
In this section we characterise the hypersphere as a Lie group. For this purpose we give a
brief repetition of important notions from Lie group theory, such as left invariant vector
fields and integral curves.

7.2.1 Lie Groups

Recall that a Lie group G is a topological group with a differentiable structure such that
the group operations multiplication ∗ : G × G → G and inversion −1 : G → G are
differentiable mappings.

From the manifold viewpoint, the tangent space TeG of G at the neutral element e plays an
important role, since in addition to its vector space structure it also carries the structure
of a Lie algebra. We recall:
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Definition 7.10. An (abstract) Lie algebra is a vector space V endowed with a Lie
bracket operation [·, ·] : V × V → V, which has the properties

1. [x, x] = 0 and

2. [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 (Jacobi identity)
Remark 7.11. In the (special) case of a Lie algebra TeG belonging to a Lie group G, [·, ·]
is given by the restriction of the bracket operation on tangent vector fields of G to TeG.

7.2.2 Left invariant vector fields and metrics

There is a natural way to extend a metric g given for vectors in the Lie algebra TeG
of a Lie group G to the whole tangential bundle TG by taking advantage of the group
structure of G. First we provide the important idea of considering the tangent vectors at
e as left-invariant vector fields, that is, invariant under left translations.
Definition 7.12. Let G be a Lie group and g ∈ G. The mapping

Lg : G → G with h 7→ gh for all h ∈ G

is called left translation by g.
Remark 7.13. By the fact that the group multiplication is a differentiable mapping,
it follows that all left translations Lg are diffeomorphisms of G onto itself, whence the
differential DLg is well defined.
Definition 7.14. Let G be a Lie group with neutral element e. A vector field X is called
left-invariant if the relation

X(g) = DLg(X(e))

holds for all g ∈ G.
This definition shows that we may identify each left-invariant vector field with its value at
the neutral element e ∈ G. Similarly, left-invariant vector fields enable us to extend met-
rics given on TeG: The left-invariant metric is the unique metric making left translations
isometric, as we see in the following
Definition 7.15. A metric g of a Lie group G is called left-invariant, if we have

g(X(p), Y (p)) = g(X(e), Y (e))

for all left-invariant vector fields X,Y .
With all this in mind, we describe the hypersphere as a Lie group in the next section.

7.2.3 The special unitary group SU(n)

We focus on a special Lie group, the special unitary group SU(n). Later it will serve as
a starting point for the definition of Berger spheres.
Let H be the four-dimensional space of quaternions in matrix notation. H is spanned by
the basis {E, I, J,K} with

E =

(
1 0
0 1

)
, I =

(
i 0
0 −i

)
, J =

(
0 1
−1 0

)
, K =

(
0 i
i 0

)
,

which satisfy the relations I2 = J2 = K2 = −1, IJ = −JI = K, JK = −KJ = I, KI =
−IK = J and KI = −IK = J .
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Remark 7.16. In contrast to the usual H ' R4 point of view we also can consider H as
the two-dimensional C-linear space H = C+JC and consider its elements as 2×2-matrices
with complex components of the form{(

u v
−v̄ ū

)
, u, v ∈ C

}
.

If we define the norm of such a matrix as
√
|u|2 + |v|2, where | · | be the complex norm,

it is easy to verify that the quaternions of norm 1 form a group with respect to matrix
multiplication. We define

Definition 7.17. The special unitary group SU(2) is defined by

SU(2) : = {A ∈ M2×2(C)| detA = 1, A−1 = Āt}

=

{(
u v
−v̄ ū

)
| |u|2 + |v|2 = 1

}
. (80)

It is clear that as a set SU(2) is just S3. In the following we will therefore endow SU(2)
with the topology from S3.

It is well-known that the special unitary group SU(2) is a differentiable manifold. In
combination with the matrix multiplication it therefore forms a Lie group, as stated in
the following

Lemma 7.18. SU(2) with the usual matrix multiplication forms a Lie group with neutral
element e = E. The Lie algebra TeSU(2) is spanned by the matrices X1 = I, X2 = J ,
and X3 = K.

Proof. Obviously SU(2) is a differentiable manifold parametrized by the matrix entries.
The matrix multiplication and inversion are well-defined and can be described by poly-
nomial equations involving the matrix entries and consequently are differentiable.

Thinking of H as a four-dimensional real vector space with respect to the (orthonormal)
basis {E, I, J,K}, SU(2) = S3 simply is the hypersphere tangent to the hyperplane
span(I, J,K) at E. Thus TeSU(2) = span(I, J,K). �

7.2.4 Integral curves and the exponential mapping

Before we further examine SU(2) we need to know how left-invariant vector fields explicitly
look like. Suppose we have given some Lie group G along with some vector v ∈ TeG. Here
and in the following we will denote the corresponding left-invariant vector field by ṽ and
call it the left-invariant extension of v. How does ṽ(p) look like for an arbitrary point
p ∈ G? In other words, which is the integral curve of ṽ running through p?

Definition 7.19. A curve c(t) is called integral curve of the left-invariant vector field X,
if

∂

∂t
c(t) = X(c(t)) = DLc(t)(X(e)).

Once having found one integral curve c(t) for ṽ, it is easy to find others. In particular
the following lemma shows how to find the one leading through a certain given point p.
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Lemma 7.20. Let G be a Lie group and g ∈ G. Furthermore let X be a left-invariant
vector field. Suppose that c(t) is an integral curve of X. Then gc(t) is an integral curve
of X as well.

Proof. It is

∂

∂t
(gc(t)) = DLg(

∂

∂t
c(t)) = DLg(X(c(t))) = DLg(DLc(t)(X(e)))

= DL(gc(t))(X(e)) = X(gc(t)).

�

Consequently, d(t) := (c(0))−1c(t) is the curve leading through the neutral element e at
t = 0, whereas pd(t) is the one leading through p at t = 0.

Corollary 7.21. Let X be a left-invariant vector field of SU(2) and A ∈ SU(2). Then
X(p) = pX(e).

Proof. Let c(t) be the integral curve with c(0) = e and ∂
∂t
c(t)|t=0 = X(e). Then

X(A) = X(Ac(t))|t=0 = DLA(X(c(t)))|t=0

=
∂

∂t
(Ac(t))|t=0 = A

∂

∂t
(c(t))|t=0 = AX(e).

�

We thus have a simple method to determine the values of a left-invariant vector field on
SU(2) by its value at e.

Example 7.22. A point p = (cos teiθ1 , sin teiθ2) ∈ S3 may be written as

p = a1E + a2I + b1J + b2K ∈ SU(2),

where a1 = cos t cos θ1, a2 = cos t sin θ1, b1 = sin t cos θ2, and b2 = sin t sin θ2. We want
to determine the values of the left-invariant extensions of the basis vectors X1, X2, X3 ∈
TeSU(2). Due to X1 = I, X2 = J , X3 = K and the relations I2 = J2 = K2 = −E, IJ =
−JI = K, JK = −KJ = I, KI = −IK = J and KI = −IK = J , we find by the above
corollary

X1(p) = a1I − a2E − b1K + b2J

X2(p) = a1J + a2K − b1E − b2I

X3(p) = a1K − a2J + b1I − b2E.

Later these relations will be particularly valuable in order to represent vectors in terms
of Xi(p).

As far as lemma 7.20 is concerned, the question still remains how to find one first integral
curve, say, the one running through e. The answer to this question depends on the special
structure of each Lie group under consideration - since in our case we are particularly
interested in S3 ∼= SU(2), we will focus on this Lie group now.
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Recall from the theory of ordinary differential equations that for square matrices M with
complex components the exponential mapping given by

exp(tM) :=
∞∑
k=0

(tM)k

k!
for t ∈ R

is well-defined, that is, the series converges to a matrix. Moreover, it is

∂

∂t
exp(tM)|t=0 = M.

It is easy to verify that exp(tM) ∈ SU(2) for all t ∈ R, if M ∈ SU(2).
Accordingly, we have the following

Lemma 7.23. An integral curve through e of the left-invariant vector field extension X̃
of a given vector X ∈ TeSU(2) is given by

t → exp(tX) ∈ SU(2).

Remark 7.24. It is worth noting that the mapping FX : R → SU(2) defined by FX(t) :=
exp(tX) is a 1-parameter subgroup of SU(2), that is, it is both a diffeomorphism and a
group homomorphism. The latter fact is due to the functional equation

exp((t1 + t2)X) = exp(t1X) exp(t2X).

It can be shown that the 1-parameter subgroups of a Lie group are exactly the integral
curves of left-invariant vector starting at the neutral element (see for example [11].)

Remark 7.25. The above considerations give rise to the definition of the exponential
mapping of a Lie group G as a mapping taking vectors from the Lie algebra TeG to G.
This exponential map is closely related to the well-known exponential map for Riemannian
manifolds - in fact for every Lie group there is a unique connection, the so-called left-
invariant connection, making all integral curves of left-invariant vector fields geodesic,
in which case the two exponential mappings are identical at e. Note, however, that the
Berger-sphere connection introduced in the next section does not satisfy this condition.

In the case of SU(2), the exponential mapping exp for Lie groups may be written down
explicitly. We have

Lemma 7.26. Let v = viXi ∈ TeSU(2) with (v1)2 + (v2)2 + (v3)2 = 1. Let t ≥ 0. Then
the image of tv under the Lie group exponential map exp : TeSU(2) → SU(2) ∈ H is
given by

exp(tv) = cos tE + sin t(v1I + v2J + v3K) ∈ SU(2).

Consequently, exp is diffeomorphic for t ∈ [0, π[.

Proof. It is
exp(tv) = E + tv +

t2

2
v2 +

t3

6
v3 +

t4

24
v4 + . . .

where the powers of v are computed with respect to the matrix multiplication. Due to
the relations I2 = J2 = K2 = −E, IJ = −JI = K, JK = −KJ = I, KI = −IK = J
and KI = −IK = J the powers of v get periodic for increasing exponents, leading to the
asserted expression. �
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Example 7.27. As an application of this lemma we find that the integral curves of
the left-invariant vector field X1 are tangent to the Hopf fibers. For this purpose let us
represent a point p ∈ SU(2) by

p =

(
cos teiθ1 sin te−iθ2

− sin teiθ2 cos te−iθ1

)
.

Furthermore, the lemma yields that the integral curve of X1 = I through E has the form

θ 7→ cos θE + sin θI = cos θ

(
1 0
0 1

)
+ sin θ

(
i 0
0 −i

)
=

(
eiθ 0
0 e−iθ

)
.

To determine the integral curve of X1 through the arbitrary point p we invoke lemma
7.20 and find that it takes the form

θ 7→
(

cos teiθ1 sin te−iθ2

− sin teiθ2 cos te−iθ1

)(
eiθ 0
0 e−iθ

)
=

(
cos tei(θ1+θ) sin te−i(θ2+θ)

− sin tei(θ2+θ) cos te−i(θ1+θ)

)
.

Obviously this is exactly the Hopf fiber running through p (see definition 7.3). Hence the
vector field X1 is tangent to the Hopf fibers at any point p ∈ SU(2). This fact contributes
to the definition of Berger spheres, as we will see in the next section.

Remark 7.28. We can turn SU(2) into a Riemannian manifold by assigning a left-
invariant metric to it. We can do this by demanding that the left-invariant vector fields
be an orthonormal frame. It is easy to verify that this choice of metric coincides with the
induced metric from R4.

7.3 Berger spheres and their geometry
Now the way to understand the idea of Berger spheres is straightforward. We have seen
from the Lie group viewpoint that at each point p ∈ SU(2) a left-invariant metric can
be defined with respect to the basis Xi(p), i = 1, 2, 3, of TpSU(2), where Xi are the left-
invariant vector fields corresponding to the basis vectors Xi ∈ TeSU(2), i = 1, 2, 3. Then,
changing to the hypersphere viewpoint, it turned out that X1(p) is always tangent to the
unique Hopf fiber running through p.

We also know that we have a Riemannian submersion, the Hopf map, which takes S3 to
S2 by simply thinking of each Hopf fiber as a single point. So why not performing this
process slowly by gradually shrinking the Hopf fibers from their original length down to
a single point? This, of course, can be done by deliberately varying the standard metric
of S3 in such a way that all is kept the same except for the distances in direction of the
Hopf fibers. As X1 is tangent to the Hopf fibers and X2, X3 are perpendicular to it, we
simply have to shrink X1. This gives rise to the definition of the following 1-parameter
family of Berger metrics.

Definition 7.29. On SU(2) we define the 1-parameter family of Berger metrics gε at
p ∈ SU(2) by

gε11 := ε2, gε22 = gε33 = 1, gεij = 0, i 6= j,

with respect to the left-invariant basis Xi(p), p = 1, 2, 3, defined as above, and ε ∈]0, 1].
SU(2) endowed with the metric gε is called Berger sphere S3

ε .
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Remark 7.30. By this definition we see that for ε = 1 we have the standard hypersphere
as in remark 7.28, which gets more and more distorted for decreasing ε and will finally
collapse as we let ε → 0.

An interesting question is what happens to the geometry of S3 if we decrease ε. What
happens to the curvature and the geometry of submanifolds such as equators? For this
purpose we examine the Riemannian connection and the curvature of S3

ε .
The following calculations will be performed with respect to the orthogonal, left-invariant
moving frame Xi, i = 1, 2, 3, which exists on all of SU(2). However, this setting has the
disadvantage that Lie-brackets do not vanish. In particular, since on SU(2) Lie-brackets
are computed by [X,Y ] = XY − Y X, it is at E

[Xi, Xi+1] = 2Xi+2, (81)

where indices are mod 3 for reasons of simplicity. This can be readily verified using
X1 = I, X2 = J and X3 = K.

Remark 7.31. According to the well-known Frobenius integrability theorem the non-
vanishing Lie-brackets imply that there is no 2-submanifold M of S3 such that Xi(p),
Xj(p), i 6= j, is a basis for TpM ⊂ TpS

3 for all p ∈ M . This will be of importance later.

Consequently we do not have the situation as in local coordinates, and instead of com-
puting the connection via the (symmetric) Christoffel symbols, we have to employ the
Koszul formula which generalizes the definition of the Christoffel symbols:

Lemma 7.32. The Levi-Civita connection ∇ of a Riemannian manifold (M, g) can be
computed at p ∈ M by

2g(∇XY, Z) = X(g(Y, Z)) + Y (g(Z,X))− Z(g(X,Y ))

+ g([X,Y ], Z)− g([Y, Z], X) + g([Z,X], Y ),

where X,Y, Z are (local) vector fields around p.

Proof. This is a direct consequence of the Levi-Civita connection being a derivation,
tensorial, torsion-free, and making the metric a parallel tensor.

By means of this formula we compute (using the bar notation from now on to indicate
that S3

ε will later be interpreted as an ambient space):

Lemma 7.33. The Levi-Civita connection ∇̄ of S3
ε is given by

∇̄X1X2 = (2− ε2)X3, ∇̄X2X3 = X1, ∇̄X3X1 = ε2X2 and
∇̄X2X1 = −ε2X3, ∇̄X3X2 = −X1, ∇̄X1X3 = (ε2 − 2)X2.

Proof. Direct application of lemma 7.33 and definition 7.29. �

Furthermore, to compute the Riemannian curvature tensor, we cannot use the coordinate
definition, but instead have to work with the coordinate-free version

R̄(Xi, Xj)Xk := ∇̄Xi
∇̄Xj

Xk − ∇̄Xj
∇̄Xi

Xk − ∇̄[Xi,Xj ]Xk = R̄ l
ij kXl.

This formula yields by means of the above lemma and (81)
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Lemma 7.34. The Riemannian curvature tensor of S3
ε is given by

R̄(X1, X2)X2 = ε2X1, R̄(X2, X3)X3 = (4− 3ε2)X2, R̄(X3, X1)X1 = ε4X3,

whereas R̄(Xi, Xj)Xk = 0 if i, j, k are all distinct. In this frame all components of R̄
vanish up to the usual symmetries, except for

R̄1212 = ε4, R̄2323 = 4− 3ε2, R̄3131 = ε4.

Proof. We compute for example
R̄(X1, X2)X2 = ∇̄X1∇̄X2X2 − ∇̄X2∇̄X1X2 − ∇̄[X1,X2]X2

= 0− ∇̄X2∇̄X1X2 − 2∇̄X3X2 = ε2X1.

Finally we determine the components of the (4, 0)-tensor version by R̄ijkl = gεkmR̄
m

ij l. �

Remark 7.35. By the formula for sectional curvature

K(Xi, Xj) =
R̄ijij

gεiig
ε
jj − (gεij)

2

we obtain for the sectional curvatures
K(X1, X2) = ε2, K(X2, X3) = 4− 3ε2, K(X3, X1) = ε2.

Thus S3
ε remains a space of nonnegative sectional curvature, however small ε might be

chosen. Therefore, if S3
ε is an ambient space where convex hypersurfaces do not remain

convex, this must be due to the last crucial quantity in the evolution equation of the
second fundamental form, the gradient of R̄.

7.3.1 Local symmetry and distortion

As we have already seen in the last chapter, constant sectional curvature implies local
symmetry, or ∇̄R̄ ≡ 0. This is for example true for the hypersphere with sectional curva-
tures constant 1. The notion symmetric stems from the fact that for every Riemannian
manifold M with parallel curvature tensor at each p ∈ M there can be found an isometry
Ip defined in a neighbourhood of p, such that DIp = −I on TpM , where I is the identity.
That is, Ip is a local symmetry. Obviously, this is true for the hypersphere.
If now, however, the hypersphere gets distorted by the Berger metrics, it is obvious as
well that it will not be possible to find such local symmetries – the space is not locally
symmetric. In fact the gradient of R̄ deviates from being zero more and more, the smaller
ε is chosen.
Lemma 7.36. The components of the gradient of the (3, 1)-version of R̄, which is a
(4, 1)-tensor, all vanish except for

∇̄2R̄1223 = ∇̄3R̄1323 = 4ε4 − 4ε2

and symmetric components.

Proof. The result is obtained by an application of the formula
∇̄mR̄ijkl = Xm(R̄ijkl)− Cs

miR̄sjkl − Cs
mjR̄iskl − Cs

mkR̄ijsl − Cs
mlR̄ijks,

where ∇̄Xi
Xj = Ck

ijXk according to lemma 7.33. Furthermore we have used the observa-
tion that Xm(R̄ijkl) ≡ 0 for all indices and everywhere on S3

ε due to the left-invariance of
R̄ijkl in the frame {Xi}. �

Remark 7.37. Clearly, whenever ε < 1, it is |∇̄R̄|2 > 0.
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7.4 Constructing a hypersurface
The previous calculations have confirmed that the Berger sphere S3

ε with 0 < ε < 1
meets our demands on an ambient with positive sectional curvatures (remark 7.35) and
a non-vanishing curvature gradient (remark 7.37).
Therefore, having the important geometric quantities at our disposal, we are now ready
to construct a hypersurface M ⊂ S3

ε which behaves the way we want. To this end we
basically follow the procedure used in the hyperbolic space example.
We start by deriving the conditions the surface M has to satisfy at some point p in order
to be convex at p and, at the same time, to have the property of losing this convexity
as soon as it is moved by mean curvature flow. Afterwards we show the existence of a
smooth graph hypersurface around p, which is is even strictly convex in a neighbourhood
of p. As a preparation for the graph construction, we investigate the geometry of a natural
submanifold of S3

ε .
Remark 7.38. Without loss of generality we may choose p0 = E ∈ S3

ε , where E is the
neutral element in SU(2) = S3

ε , that is, the identity matrix.
Remark 7.39. Since we do not construct a global hypersurface, but only a local one,
interpretations in view of theorem 4.14 are not as strong as in the previous example in
hyperbolic space. For further discussions we refer to the next chapter.

7.4.1 Conditions at E

For a surface M with E ∈ M we describe sufficient conditions for the way the tangent
space TEM has to be situated in TES

3
ε , such that M loses its convexity under mean

curvature flow at E, provided a solution exists.
For this purpose assume that M is immersed in S3

ε in such a way that E ∈ M . Let
e1, e2 ∈ TEM be a basis of TEM ⊂ TES

3
ε and let e0 ∈ TEM be a choice of a unit normal

vector. Moreover let (cαi ), i = 0, 1, 2, α = 1, 2, 3 be the 3 × 3-matrix which represents ei
as a linear combination of the basis X1, X2, X3, that is

ei = cαi Xα, i = 0, 1, 2.

Furthermore suppose that the second fundamental form hij of M satisfy h11 = h12 =
h21 = 0 as well as h22 > 0 with respect to the basis e1, e2, whence M is convex at E with
a null-eigenvector of hij. We want to force hij to immediately take a strictly negative
eigenvalue under mean curvature flowin order to destroy the convexity. To this end we
again invoke the Hurwitz criterion and show that dethij, which vanishes at E, has a
strictly negative time derivative. We have

∂

∂t
(dethij) = h11

∂

∂t
h22 + h22

∂

∂t
h11 − 2h12

∂

∂t
h12 = h22

∂

∂t
h11 < 0 at E.

Due to h22 > 0 it remains to force ∂
∂t
h11 to be strictly negative.

As usual we denote by ḡ = gε the ambient and by g the induced metric. By means of the
matrix (cαi ) the evolution equation (3.7) for h11 takes the form

∂

∂t
h11 = ∆h11 + 2h22R̄

2 2
1 1 − glk

[
∇̄1R̄0l1k + ∇̄lR̄011k

]
= ∆h11 + 2h22g

2lg2kcαl c
β
1c

γ
kc

δ
1R̄αβγδ

− glkcαl c
β
0c

γ
l c

δ
1c

η
k

[
∇̄αR̄βγδη + ∇̄γR̄βαδη

]
. (82)
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Now let us consider a special case: Assume that e1, e2 be orthonormal, or gij = δij.
Furthermore suppose that TEM ⊂ span(X1, X2). Since ḡ is orthgonal, we may choose
e0 = X3 as our unit normal. Observe that the angle ϕ between X1 and e1 thoroughly
determines how the ei-frame is situated in TES

3
ε , as long as we agree that each basis

describes the same orientation of TEM .
Accordingly, the matrix C = (cαi ) takes the form

C =

 0 0 1
cosϕ sinϕ 0
− sinϕ cosϕ 0

 .

In this case the terms in (82) simplify considerably. We have

g2lg2kcαl c
β
1c

γ
kc

δ
1R̄αβγδ = R̄1212((c

1
2)

2(c21)
2 − 2c22c

1
1c

1
2c

2
1 + (c22)

2(c21)
2)

+ R̄2323((c
2
2)

2(c31)
2 − 2c32c

2
1c

2
2c

3
1 + (c32)

2(c21)
2)

+ R̄3131((c
3
2)

2(c11)
2 − 2c12c

3
1c

3
2c

1
1 + (c12)

2(c31)
2)

= (cos2 ϕ+ sin2 ϕ)2R̄1212 = ε4

and
glkcαl c

β
0c

γ
l c

δ
1c

η
k

[
∇̄αR̄βγδη + ∇̄γR̄βαδη

]
= 8ε2(1− ε2) sinϕ cosϕ.

Thus (82) simplifies to

∂

∂t
h11 = ∆h11 + 2h22ε

4 + 8ε2(ε2 − 1) sinϕ cosϕ. (83)

We see that indeed we may arrange that the right hand side of this equation gets strictly
negative by choosing ε < 1, ϕ ∈]0, π

2
[ and h22, ∆h11 sufficiently small. As already men-

tioned, the Berger parameter ε must differ from 1, since otherwise we would have a locally
symmetric ambient space, the hypersphere.

Remark 7.40. Observe that the crucial negative portion in equation (83) is contributed
by the last term, which stems from the ∇̄R̄-terms.

Based upon these considerations we now locally construct a graph surface satisfying all
conditions we have assumed.

Definition 7.41. A (smooth) hypersurface M of an n-dimensional Riemannian manifold
N is locally represented as a graph, if for all p ∈ M there is a neighbourhood U of p in N
along with a diffeomorphism φ : U → V ⊂ Rn and a smooth function f : Rn−1 → R such
that U = φ−1(V ∩ {(x1, . . . , xn−1, f(x1, . . . , xn))}).

Remark 7.42. Of course every smoothly immersed hypersurface is always locally repre-
sentable as a graph.

In view of this definition, the practical questions are how φ should be chosen, or, equiva-
lently, which natural submanifolds of N suggest to be employed as the underlying ’base’
hypersurface

φ−1(V ∩ {(x1, . . . , xn−1, 0), xi ∈ R})
on the one hand, and, on the other hand, as the curves

φ−1(V ∩ {(x1, . . . , xn−1, s), s ∈ R}) for fixed x1, . . . , xn−1.
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7.4.2 The (E, I, J)-equator

Inspired by the local example we have constructed in the previous section we consider
the simplest hypersurface of SU(2) tangent to span(X1, X2) at E ∈ SU(2), the (E, I, J)-
equator

S2 = S2
(E,I,J) = span(E, I, J) ∩ S3 = {(cos teiθ, sin t)} ∈ H.

In the sequel we are going to illuminate the geometry of S2 in terms of the question
whether we can construct a promising graph over S2. In other words, we are particularly
interested in convexity or generally the second fundamental form.

Example 7.43. In the case that the Berger parameter is ε = 1, we know that great
circles are exactly the geodesics in S3. Since the metric on S2 induced by S3 coincides
with the one induced from the ambient space H ≡ R4, great circles are also exactly the
geodesics of the isometric immersion S2 ⊂ S3. Thus, geodesics in S2 are geodesic in S3 as
well - the immersion is totally geodesic. This, in turn, means that the second fundamental
form vanishes everywhere on S2, see for example [2], proposition 2.9.

We first need a reference frame for S2. Considering the parametrisation

Φ : (t, θ) 7→ (cos teiθ, sin t), t ∈]− π/2, π/2[, θ ∈ [−π, π[,

we have the natural frame at p = Φ(t, θ)

ξ1(p) : =
∂

∂t
(p) = (− sin teiθ, cos t)

ξ2(p) : =
∂

∂θ
(p) = (i cos teiθ, 0).

Let us from now on use the identification

(cos teiθ1 , sin teiθ2) ↔
(

cos teiθ1 sin teiθ2

− sin te−iθ2 cos te−iθ1

)
.

Then we may rewrite the above frame as

ξ1(p) : = − sin t cos θE − sin t sin θI + cos tJ,

ξ2(p) : = − cos t sin θE + cos t cos θI. (84)

Since all crucial geometrical quantities of S3
ε are known with respect to the frame (Xi),

i = 1, 2, 3, we need a representation of ξi in this frame.
According to example 7.22, we have at p = Φ(t, θ)

X1(p) = aI − bE − cK

X2(p) = aJ + bK − cE

X3(p) = aK − bJ + cI (85)

for a = cos t cos θ, b = cos t sin θ, and c = sin t.
Since ξi(p) ∈ TpS

3
ε , they are representable with respect to the basis X1(p), X2(p), X3(p),

and the system of linear equations

ξi = bαi Xα, i = 1, 2,
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must be solvable. In fact we compute by (84) and (85) that the coefficient vectors b1 and
b2 of ξ1 and ξ2 in the above basis have the form

b1 =
(
0, cos θ, − sin θ

)
, b2 =

(
cos2 t, sin t cos t sin θ, sin t cos t cos θ

)
.

Denoting the ith entry of these vectors by bαi for i = 1, 2, we find a normal vector field by
modifying the vector product ∧ according to the metric ḡ = gε, that is, we have a normal
field ν̃ given by the component vector (ν̃1, ν̃2, ν̃3) with respect to X1, X2, X3, where

ε2ν̃1 = b21b
3
2 − b31b

2
2

ν̃2 = b31b
1
2 − b11b

3
2

ν̃3 = b11b
2
2 − b21b

1
2.

To be precise, we have ν̃1 = ε−2(cos2 θ sin t cos t + sin2 θ sin t cos t) = ε−2 sin t cos t. Simi-
larly, ν̃2 = − sin θ cos2 t and ν̃3 = − cos θ cos2 t.
Observe that at Φ(0, 0) = E we have ν̃1 = ν̃2 = 0 and ν̃3 = −1, that is, ν̃(E) = −X3.
We thus reverse the sign in order to match the situation in section 7.4.1. Therefore, since
|ν̃|2 = ḡ(ν̃, ν̃) = cos2 t, we have a unit normal field given by ν := −(cos t)−1ν̃.
Having all important quantities at our disposal, we now compute the second fundamental
form hij with respect to the frame ξ1, ξ2. We use the Weingarten equations (6) to find

hij = −ḡ(∇̄ξiξj, ν) = −ḡ(∇̄ξi(b
α
j Xα), ν) = −ḡ(ξi(b

α
j )Xα + bαj b

β
i ∇̄Xβ

Xα, ν).

If we insert the values of the connection ∇̄ computed in 7.33, we get for the second
fundamental form at Φ(t, θ)

hij = −ε2 ν1 (ξi(b
1
j) + b3jb

2
i − b2jb

3
i )

− ν2 (ξi(b
2
j) + b1jb

3
i ε

2 − b3jb
1
i (2− ε2))

− ν3 (ξi(b
3
j) + b2jb

1
i (2− ε2)− b1jb

2
i ε

2), (86)

where all quantities have to be evaluated at (t, θ).

Remark 7.44. Here the bαi are interpreted as C∞-functions on S2 ⊂ S3
ε , to which the

vector fields ξk - thought of as derivations - may be applied. In particular we have

ξ1(b
α
i ) =

∂

∂t
bαi (t, θ) and ξ2(b

α
i ) =

∂

∂θ
bαi (t, θ)

at p = Φ(t, θ).

Since there are no further simplifications to be done (for example due to suitable symme-
tries), we find by a direct calculation based upon (86) that at Φ(t, θ) we have the second
fundamental form

h11 = h22 = 0 and h12 = h21 = (ε2 − 1) cos3 t.

Remark 7.45. For reasons of completeness we mention that for t = ±π/2 the frame ξ1,
ξ2 degenerates. In other words, we cannot immediately read hij at the poles J and −J .
However, if we take the frame

ξ̃1 := ξ1, ξ̃2 := (cos t)−1ξ2,

71



the components of hij take the form

h̃11 = h̃22 = 0, h̃12 = h̃21 = cos2 t(ε2 − 1)

and we may, for fixed θ, let t → ±π/2 in order to observe that |hij| → 0, that is, h = 0
at ±J . This result is in accordance with the fact that ±J are the only points of S2

(E,I,J)

whose tangent plane has no X1-component, as one easily verifies. Consequently, in this
case the distortion of X1 by ε does not influence the fact that geodesics of S2

(E,I,J) starting
at ±J are also geodesics in S3

ε , and the second fundamental form vanishes (compare with
example 7.43).

Since at E the (E, I, J)-equator is tangent to span(X1, X2) ⊂ TES
3
ε it is of particular

interest in view of section 7.4.1 to know hij at E with respect to X1(E), X2(E).

For this purpose observe that at E we have t = θ = 0 and

ξ1(E) := J = X2 and ξ2(E) := I = X1,

whence with respect to X1, X2 the second fundamental form takes the form

h11 = h22 = 0, h12 = h21 = (ε2 − 1) at E.

Remark 7.46. By normalising and rotating the basis X1, X2 of TES
2
(E,I,J) we can arrange

that hij takes the form diag(κ1, κ2). In this way we can read off directly whether S2 is
convex at E or not. Moreover, this is of special interest in view of section 7.4.1, where we
demand hij to be diagonal at E.

Observe that by ε−1X1, X2 we have given an orthonormal basis of TES
2
(E,I,J). If we rotate

this basis by the angle α = −π/4, we obtain the basis

Y1 = ε−1 sin
π

4
X1 + cos

π

4
X2 =

√
2

2
(−ε−1X1 +X2)

Y2 = ε−1 cos
π

4
X1 − sin

π

4
X2 =

√
2

2
(ε−1X1 +X2),

in terms of which hij takes the diagonal form κ1 = h11 = −(1−ε2)/ε, κ2 = h22 = (ε2−1)/ε,
and h12 = h21 = 0.

Similarly one can prove

Lemma 7.47. The principal curvatures κ1 and κ2 of the (E, I, J)-equator S2
(E,I,J) ⊂ S3

ε

have the form

κ1 = ε−1(1− ε2) cos3 t and κ2 = ε−1(ε2 − 1) cos3 t

at Φ(t, θ) ∈ S2
(E,I,J).

Remark 7.48. This lemma shows that the (E, I, J)-equator S2
(E,I,J) is non-convex in the

sense that the principal curvatures have different signs everywhere (except for the points
±J), if ε < 1. Therefore S2

(E,I,J) does not satisfy the conditions of section 7.4.1.
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7.4.3 Local graphs over S2
(E,I,J)

In this section we use the following approach: It is possible to construct (local) graph
hypersurfaces of S2 by assigning an angle γ(p) to each point p ∈ S1 of some great circle
S1 and then moving p along the great circle through p perpendicular to S1 by the angle
γ(p). This method is generalized to graphs in S3

ε over S2
(E,I,J) if we define

F (t, θ) := cos(γ(t, θ))(cos t(cos θE + sin θI) + sin tJ) + sin(γ(t, θ))K. (87)

If we suppose that γ is a smooth function with values in ]−π/2, π/2[, F is a diffeomorphism
for t ∈] − π/2, π/2[ and θ ∈ [−π, π[. We denote the hypersurface parametrized in this
fashion by M . M can be thought of as a graph surface over S2

(E,I,J), where the graph
fibers are the great circles perpendicular to S2

(E,I,J).
We derive the conditions the graph function γ has to satisfy at E in order to match the
assumptions of section 7.4.1 on the one hand, and, on the other hand, to guarantee that
M is strictly convex in a neighbourhood around E.
In section 7.4.1 we have assumed TEM = span(X1, X2). Since TES

2
(E,I,J) = span(X1, X2)

we clearly must set

γ(0, 0) = 0 and ∂γ

∂t
(0, 0) =

∂γ

∂θ
(0, 0) = 0 (88)

to make this assumption valid. We therefore assume these conditions to be satisfied
everywhere in the remaining text. We then have the follwing

Lemma 7.49. Let M ⊂ S3
ε be the hypersurface described by the graph of γ as above.

Suppose TEM = span(X1, X2). With respect to the unit normal ν = X3 at E, the second
fundamental form of M at E takes the form

h11 = −∂2γ

∂t2
(0, 0), h22 = −∂2γ

∂θ2
(0, 0) h12 = h21 = −1 + ε2 − ∂2γ

∂t∂θ
(0, 0)

with respect to ξ1 = X2, ξ2 = X1 ∈ TEM .

Proof. Let the coordinate vector fields given by

ξ1(p) :=
∂F

∂t
(p) and ξ2(p) :=

∂F

∂θ
(p) at p = F (t, θ) ∈ M

be our reference frame, which we want to express in terms of the left-invariant basis {Xi}.
For this purpose we invoke example 7.22, showing that we have at p = F (t, θ)

X1(p) = aI − bE − cK + dJ

X2(p) = aJ + bK − cE − dI

X3(p) = aK − bJ + cI − dE (89)

with a = cos(γ(t, θ)) cos t cos θ, b = cos(γ(t, θ)) sin θ, c = cos(γ(t, θ)) sin t, and d =
sin(γ(t, θ)), where the choice of coefficients follows from (87).
If we write down the ξi in terms of E, I, J,K, we can express the inner frame {ξi} in terms
of the ambient frame {Xα}. As one easily verifies, we get the expressions

ξi = bαi Xα for i = 1, 2
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with

b11 = −∂γ

∂t
sin t+ cos t sin γ cos γ

b21 =
∂γ

∂t
cos t sin θ + cos θ cos2 γ + sin t sin θ cos γ sin γ

b31 =
∂γ

∂t
cos t cos θ − sin θ cos2 γ + sin t cos θ cos γ sin γ

b12 = −∂γ

∂θ
sin t+ cos2 t cos2 γ

b22 =
∂γ

∂θ
cos t sin θ + cos t sin t sin θ cos2 γ − cos t cos θ cos γ sin γ

b32 =
∂γ

∂θ
cos t cos θ + cos t sin t cos θ cos2 γ + cos t sin θ cos γ sin γ.

Taking into account (88) along with t = θ = 0 at E it follows in particular that we have

ξ1 = X2 and ξ2 = X1 at E,

which allows us to choose ν := X3 as the unit normal at E.
We now compute hij according to (86). However, this formula demands that the deriva-
tives of the bαi ’s be computed. These terms get very lengthy and reasonable simplifications
cannot be done; we therefore restrict ourselves to displaying the results without showing
the computational details. Nevertheless it is straightforward to verify the calculations.
We have for t = θ = 0

ξ1(b
3
1) =

∂

∂t
b31 =

∂2γ

∂t2
(0, 0), ξ2(b

3
2) =

∂

∂θ
b32 =

∂2γ

∂θ2
(0, 0),

ξ1(b
3
2) =

∂

∂t
b32 = 1 +

∂2γ

∂t∂θ
(0, 0), ξ2(b

3
1) =

∂

∂θ
b31 = −1 +

∂2γ

∂θ∂t
(0, 0), (90)

whereas all other derivatives vanish.
Since bαi = 0 at E except for b21 = b12 = 1, and since ν1 = ν2 = 0 and ν3 = 1, the formula
(86) yields the assertion. �

Our aim is now to choose the first derivatives of γ in such a way that we get the situation
described in section 7.4.1. In particular we have to determine the angle ϕ by which the
basis making hij diagonal is rotated with respect to the above basis ξ1, ξ2. For this purpose
we provide the following

Lemma 7.50. Let h : TEM × TEM → R be the second fundamental form of M at E.
Let hij be its components in terms of a basis {ei}, i = 1, 2, which is orthonormal with
respect to some inner product g. Furthermore let A be the corresponding self-adjoint
endomorphism TEM → TEM with eigenvalues κ1, κ2 belonging to the eigenvectors v1 and
v2, respectively.
Suppose that h11 > 0, h12 = h21 < 0 and dethij = h11h22 − h2

12 = 0.
Then we have κ1 = 0 and κ2 = h11 + h22 > 0 and the angle ϕ between v1 and e1 given by

v1 = (cosϕe1 + sinϕe2)||v1||

satisfies
ϕ = arccos

h11√
h2
12 + h2

11

∈]0, π/2[.
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Proof. Since {ei} is orthonormal, A is represented by the matrix(
h11 h12

h21 h22

)
.

Then the characteristic polynomial pA of A has the form

pA(κ) = κ2 − κ(h11 + h22) + h11h22 − h2
12 = κ2 − κ(h11 + h22),

and the equation pA(κ) = 0 has the solutions κ1 = 0 and κ2 = h11 + h22. From h22 =
h2
12/h11 > 0 it follows κ2 > 0.

Moreover, the eigenspace corresponding to κ1 = 0 is given by Rv1, where

v1 =

(
h2
12/h11

−h12

)
.

Since −h12 > 0, both components of v1 are strictly positive. Thus ϕ ∈]0, π/2[. Further-
more we have

cosϕ =
g(v1, e1)√

g(v1, v1)g(e1, e1)
=

h11√
h2
11 + h2

12

.

�

In order to apply this lemma in the case of the tangent space TEM we first represent hij

in terms of the orthonormal basis e1 = ε−1X1, e2 = X2 of TEM , which is according to
lemma 7.49

h11 = −ε−2∂
2γ

∂θ2
, h22 = −∂2γ

∂t2
, h12 = h21 = ε−1(−1 + ε2 − ∂2γ

∂t∂θ
).

Then it is evident that by a suitable choice of the second derivatives of γ (which may
depend on ε) we can arrange that the conditions of the lemma are satisfied. Furthermore
we may clearly force ϕ to take any value in ]0, π/2[.
Observe that if the lemma applies we automatically have the situation described in section
7.4.1. Starting with the above orthonormal basis e1, e2 we rotate it by an angle ϕ ∈]0, π/2[
in order to find the basis v1, v2 in terms of which hij gets diagonal. Recall that in this
case we have found that with respect to v1, v2 the evolution equation of h11 at E takes
the form

∂

∂t
h11 = ∆h11 + 2h22ε

4 + 8ε2(ε2 − 1) sinϕ cosϕ, (91)

which we want to take a negative value.
As the last term in (91) contributes a strictly negative value, we have to keep ∆h11 and
h22 small enough. The Laplacian of h11 involves third partial derivatives of γ and will be
cared for later on. However, the following example demonstrates that it indeed is possible
to find a good choice for ε and the second partial derivatives of γ at E satisfying the
conditions of lemma 7.50 of γ at E, which makes the whole right hand side negative,
while neglecting the Laplacian term for the moment.

Example 7.51. If we set at E

ε =
1

2
, ∂2

ttγ = −1

4
, ∂2

θθγ = − 1

16
, ∂2

tθγ = −5

8
,
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we have in terms of the orthogonal basis ε−1X1, X2

h11 = −ε−2∂2
θθγ =

1

4
> 0 and h12 =

−1 + ε2 − ∂2
tθγ

ε
= −1

4
< 0,

and since h22 = −∂2
ttγ = 1/4 we have h11h22 − h2

12 = 0. Thus the conditions of lemma
7.50 are satisfied and we conclude

cosϕ =
h11√

h2
11 + h2

12

=
1

2

√
2,

yielding ϕ = π/4 according to the lemma. Moreover it follows κ1 = 0, κ2 = h11 + h22 =
1/2. With cosϕ sinϕ = 1/2 we find that the right hand side of (91) without the Laplacian
gets strictly negative, according to

2κ2ε
4 + 8ε2(ε2 − 1) sinϕ cosϕ =

1

16
− 3

4
= −11

16
< 0.

Having seen that our graph approach indeed admits choices of γ which imply the desired
behaviour of M at E, there now remain two questions to be checked:
Firstly, whether we can extend γ and thus M around E (at least locally), such that M is
strictly convex away from E.
Secondly, whether the Laplacian of κ1 at E can be made sufficiently small in order to
ensure that we indeed have ∂

∂t
h11 < 0 in (91).

7.4.4 Conditions involving higher derivatives of γ

These two questions will lead to conditions involving third and fourth derivatives of γ.
Since expressions will get quite complicated at some stages, we will not always perform
calculations up to the last detail; we rather discuss existence aspects instead of giving
explicit examples.
First we provide some useful results.

Lemma 7.52. Under the assumption (88) the induced connection ∇ of M given by the
Christoffel symbols Γk

ij gets trivial at E, that is, Γk
ij = 0 at E.

Proof. It is a fact from differential geometry that the induced connection ∇ of M given
by the Christoffel symbols Γk

ij, which base on the induced metric gij, can also be obtained
by projecting the ambient connection ∇̄ onto TM . Concretely, if π> is the projection of
TpS

3
ε onto TpM along the orthogonal complement of TpM , it is

∇ξiξj = π>(∇̄ξ̃i
ξ̃j),

where the ξ̃i are smooth local extensions of the ξi. The equation is independent of the
actual choice of the extensions.
We have ξ1 = X2 and ξ2 = X1 at E. Moreoevr, according to lemma 7.33, none of
the ∇̄Xi

Xj for i, j ∈ {1, 2} have any components in span(X1, X2) = TEM . Thus the
projection vanishes and it follows

∇ξiξj = 0 for i, j ∈ {1, 2},

whence the Christoffel symbols vanish, too. �

As a consequence we get a simple formula for the Laplacian of hij at E.
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Lemma 7.53. It is

∆hij = gll
[
ξl(ξl(hij))− ξl(Γ

m
li )hmj − ξl(Γ

m
lj )him

]
at E,

where all quantities are expressed in terms of {ξi}.

Proof. It is ∆hij = glk∇l∇khij. According to the definition of covariant differentiation of
general tensors we have

∇l∇khij = ξl(ξk(hij))− ξl(Γ
m
ki)hmj − ξl(Γ

m
kj)him + terms involving Γk

ij.

The terms involving Γk
ij vanish at E due to the lemma above. The assertion follows since

gij = 0 at E for i 6= j. �

Remark 7.54. Despite of the considerable simplification of the formula for ∆hij, there
still are derivatives of Christoffel symbols involved as well as second derivatives of hij.
These terms get very complicated and we therefore restrict ourselves to the question of
existence rather than giving explicit examples.

Example 7.55. We continue with example 7.51. We have found a choice of the second
derivatives of γ at E such that there is an orthonormal basis e1, e2 of TEM in terms of
which we have h11 = 0 and h22 > 0, as well as h12 = h21 = 0.

We now may additionally assume that we have normal coordinates ẽi at E with ei(E) =
ẽi(E). Since the Laplacian of hij is tensorial in both indices, we may simplify the com-
putation of ∆h11 by means of these coordinates. Similarly to the above lemma we get

∆h11 = gll [ẽl(ẽl(h11))− ẽl(Γ
m
l1)hm1 − ẽl(Γ

m
l1)h1m] at E,

where all quantities are meant in terms of ẽ1, ẽ2. Due to h11 = h12 = 0, this simplifies to

∆h11 = ẽ1(ẽ1(h11) + ẽ2(ẽ2(h11) at E.

We thus will have succeeded if we manage to arrange that ẽ1(ẽ1(h11)+ ẽ2(ẽ2(h11) < 11/16
according to example 7.51.

Using the coordinates chosen in the example we now turn to the last condition we want
γ to satisfy: We want to guarantee convexity of M at least in some neighbourhood of E.

For this purpose first observe that h22 > 0 at E remains so in a neighbourhood U1 of E
due to continuity reasons..

Convexity of M is equivalent to hij being positive definite. According to the Hurwitz
criterion, this, in turn, is equivalent to h22 > 0 and dethij = h11h22 − (h12)

2 > 0. We
have to care for the latter condition. At E it is dethij = 0. We therefore force dethij to
have a local minimum at E, which is the case if at E the conditions

∇ẽk(dethij) = ẽk(dethij) = 0 ⇐⇒ ẽk(h11) = 0 for k = 1, 2 (92)

and
∇ẽk∇ẽl(dethij))v

kvl > 0 for all vectors v = {vk} ∈ TEM (93)

are satisfied.
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As to the latter one, due to h11 = h12 = 0 at E we have

∇ẽk∇ẽl(dethij)) = ẽk(ẽl(dethij))

= h22ẽk(ẽl(h11)) + ẽk(h11)ẽl(h22) + ẽl(h11)ẽk(h22)− 2ẽk(h12)ẽl(h12),

and if we assume condition (92) to be valid, we have

ẽk(ẽl(dethij)) = h22ẽk(ẽl(h11))− 2ẽk(h12)ẽl(h12).

Assume additionally ẽk(h12) = 0 for k = 1, 2. Then (93) is satisfied as long as ẽk(ẽl(h11)) >
0 for k, l ∈ {1, 2}. Observe that this is in accordance with example 7.55 in that it is still
possible to keep ∆h11 small enough to guarantee ∂

∂t
h11 < 0.

Accordingly, we have to show that it is possible to choose the third and fourth partial
derivatives of γ at E in such a way that in addition to the conditions for the second partial
derivatives of γ derived in example 7.51 we have at E

ẽk(h11) = 0 and ẽk(h12) = 0 for k = 1, 2 (94)

and

ẽk(ẽl(h11)) > 0 for k, l ∈ {1, 2} and ẽ1(ẽ1(κ1)) + ẽ2(ẽ2(κ1)) < 11/16. (95)

For this purpose first observe that in a neighbourhood of E we can express the frame
{ẽi} in terms of the coordinate frame {ξi} by means of the matrix Ai

j, whose components
smoothly depend on the point p:

ẽi(p) = Ai
j(p)ξj(p)

At E we then have

ẽk(h(ẽi, ẽj)) = ∇ẽkh(ẽi, ẽj) = ∇(An
k ξn)

h(Al
iξl, A

m
j ξm) = An

k∇ξn(A
l
iA

m
j h(ξl, ξm))

= An
kA

l
iA

m
j ∇ξnh(ξl, ξm) + An

kξn(A
l
iA

m
j )h(ξl, ξm)

= An
kA

l
iA

m
j ξn(h(ξl, ξm)) + P (Ai

j, ξi(A
k
l ), hij),

where P is a quantity only depending on Ai
j, ξi(A

k
l ) and hij. It is easy to verify that

these quantities involve derivatives of γ only up to degree 2 and thus are already fixed
according to example 7.51.
The terms ξn(h(ξl, ξm)), however, take at E the simple form

ξn(h(ξl, ξm)) = −ξn(ξl(ξm(γ))),

which can be verified by a direct calculation based upon equation (86). It is therefore
evident that there is a suitable choice of the four different third derivatives of γ at E
satisfying the four conditions of (94).
Furthermore, the second derivatives of hij at E are all expressions of the form

ξq(ξn(h(ξl, ξm))) = −ξq(ξn(ξl(ξm(γ)))) + lower order terms,

as a direct calculation shows. Then, similarly as above, it follows that condition (95) can
be satisfied by a suitable choice of the fourth derivatives of γ at E.
Thus we have seen that it is possible to ensure the desired behaviour of M in a neigh-
bourhood of E by knowing the Taylor series of γ up to fourth derivatives at E, which is
summarized in the following
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Theorem 7.56. Let M be a smooth hypersurface given as a graph γ over S2
(E,I,J) ⊂ S3

1/2.
Assume γ(0, 0) = 0 and suppose that the partial derivatives of γ at (0, 0) are fixed up to
fourth degree according to our considerations above.

Then M is convex in a neighbourhood around E. Furthermore, M loses its convexity as
soon as it is moved by mean curvature flow.

Remark 7.57. A next step would be to find an explicit global example for γ and, conse-
quently, for the whole hypersurface M . The existence of such a function γ is very likely.
However, it is rather difficult to explicitly construct such an example, as the terms in-
volved get huge. For example, when trying to satisfy the assumptions made in section
7.4.1 we cannot simplify things as in the last chapter by directly working with a graph
function γ which only depends either on t or on θ. Rather we need the possibility of
suitably fixing all three different partial derivatives of γ(t, θ). One thus has to find other
tools in order to at least show the existence of an extension of our local hypersurface to
a smooth global closed surface. This, however, would go beyond the scope of this work.
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8 Conclusions and interpretations
In the following we draw basic conclusions from the results of the last two chapters and
give a brief discussion about possible interpretations.

The last two chapters have shown examples where - in contrast to Euclidean space - in
general Riemannian manifolds proper convexity is not preserved under mean curvature
flow. In view of the terms occurring in the evolution equation for the second fundamental
form which involve the ambient curvature and its gradient, it is fair to expect this result.
The evolution equation, namely, governs the behaviour of hij under mean curvature flow,
which, in turn, determines if a surface is convex or not. Therefore it is suggested that both
the ambient curvature and its gradient might work against the preservation of convexity
by influencing the evolution equation in a bad way.

By separately considering two examples with different ambient spaces we additionally
have shown that indeed each of these quantities - both the ambient curvature and its
gradient - can destroy original convexity of the surface.

In view of the question if the convexity theorem we have proved in chapter 4 can be
improved or not, these considerations strongly suggest that a crucial improvement is not
possible. In other words, we have always to assume that the ambient space has bounded
curvature and curvature gradient, and it is inevitable to take these bounds K1 and L into
account when looking for a modified convexity condition to be preserved.

The hyperbolic space example immediately refers to theorem 4.14 by providing a closed
hypersurface. The Berger sphere example, however, has the disadvantage of only yielding
a local description of a convex hypersurface, and we do not know whether it indeed can
be extended to a smooth closed hypersurface. On the other hand, it allows the conclusion
that if there was a local version of theorem 4.14, or, alternatively, if there was a proof only
using local arguments, we then definitely would have to include the bound L. Observe
that the proof presented in chapter 4 involves the fact that M is boundary-free to make
the maximum principle apply. This is, however, the only argument referring to global
properties of the evolving surface. It is therefore fair to assume that there is another
proof only based on local arguments - possibly under slightly different circumstances.
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9 Appendix
We give the detailed proof of lemma 5.13.

Proof. We proceed in three steps. In the first step we derive an inequality for the Laplacian
of fσ, which we integrate in the second step. We integrate by parts and estimate each
term. In the third step we complete the proof by employing relation (35) and the Young
inequality.
Step 1:
We derive an inequality for ∆fσ. We already have computed ∆fσ in (41). Moreover, it
follows from (43)

2(α− 1)

H
〈∇H,∇fσ〉

=
2(α− 1)

Hα+1

〈
∇|A|2,∇H

〉
− 2α(α− 1)

Hα+2
|A|2|∇H|2 + 2(1− α)(2− α)

nHα
|∇H|2.

Adding this equation to (41) and reorganizing terms yields

∆fσ =
H∆|A|2 − α|A|2∆H

Hα+1
− 2− α

n
H1−α∆H︸ ︷︷ ︸

[1]

− 2

Hα+1

〈
∇|A|2,∇H

〉︸ ︷︷ ︸
[2]

+
(1− α)(2− α)

nHα
|∇H|2 + α(α + 1)

|A|2

Hα+2
|∇H|2

− 2α(α− 1)

Hα+2
|A|2|∇H|2 − 2(α− 1)

H
〈∇H,∇fσ〉 (96)

The intention is to avoid terms involving |A|2, ∇|A|2, or ∆|A|2, since the desired estimate
only contains fσ, H, and their respective gradients.
For this purpose we rewrite ∆|A|2 by means of relation (9), which is a corollary of Simon’s
identity for the Laplacian of hij. However, we are not interested in how exactly the ambient
curvature terms contribute to ∆|A|2, and we may weaken the information of (9) to the
estimate

1

2
∆|A|2 ≥ 〈hij,∇i∇jH〉+ |∇khij|2 − |A|4 +Hhijhilh

l
j − CH2 − C,

where C depends on the bounds K1, K2, and L of the ambient curvature and the dimension
n. For reasons of simplicity we comprise the quantities which contain hij and no second
derivatives by

Z := Hhijhilh
l
j − |A|4.

If we apply the above estimate to (96), we obtain that expression [1] of (96) is less than
or equal to

2

Hα

〈
h̃ij,∇i∇jH

〉
+

2

Hα
|∇khij|2 +

2

Hα
Z

+ (
2

nHα−1
− 2− α

nHα−1
− α

Hα+1
|A|2)︸ ︷︷ ︸

−α/H·fσ

∆H − CH2 + C

Hα
. (97)
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Observe that here we have replaced hij by the traceless second fundamental form h̃ij :=
hij −H/n · gij via the relation

〈hij,∇i∇jH〉 =
〈
h̃ij,∇i∇jH

〉
+

H

n
∆H,

a step which is due to the fact that |h̃ij| can easily be estimated, as we will see.
Moreover, if we rewrite expression [2] of (96) by means of lemma 5.5 and combine this
with (97) and (96), we finally obtain the inequality

∆fσ ≥ 2

Hα

〈
h̃ij,∇i∇jH

〉
+

2

Hα
Z − α

H
fσ∆H +

2

Hα+2
|H∇ihkl − hkl∇iH|2

+
(2− α)(α− 1)

H2
fσ|∇H|2 − 2(α− 1)

H
〈∇H,∇fσ〉 −

CH2 + C

Hα
.

Omitting the nonnegative terms of the right hand side eventually completes step 1 and
yields the inequality

∆fσ ≥ 2

Hα

〈
h̃ij,∇i∇jH

〉
+

2

Hα
Z − α

H
fσ∆H − 2(α− 1)

H
〈∇H,∇fσ〉 −

CH2 + C

Hα
. (98)

Note that now there are only terms occurring which involve H, fσ and their respective
first and second derivatives. Z, however, is a quantity still involving hij, which we will
care for later on.

Step 2:
We multiply (98) by fp−1

σ and integrate. Since Mt has no boundary, there are no boundary
terms occurring if we perform integration by parts. In particular we will demonstrate this
for the most important terms of (98). We have∫

Mt

fp−1
σ ∆fσ dµ = −(p− 1)

∫
Mt

fp−2
σ |∇fσ|2 dµ (99)

and ∫
Mt

fp
σ

H
∆H dµ = −

∫
Mt

p
fp−1
σ

H
〈∇fσ,∇H〉 dµ+

∫
Mt

fp
σ

H2
|∇H|2 dµ. (100)

Furthermore, we compute by means of the Codazzi equations (lemma 2.5)

gikgjl∇k

(
h̃ij

)
∇lH = gikgjl∇lH∇khij −

1

n
gikgjl∇lH∇k(Hgij)

= gikgjl∇lH(∇jhik + R̄0ijk)−
1

n
gikgjlgij∇lH∇kH = |∇H|2 + gjl∇lHR̄ s

0sj − 1

n
|∇H|2

and thus get

∫
Mt

fp−1
σ

Hα

〈
h̃ij,∇i∇jH

〉
dµ = −

∫
Mt

gikgjl∇k

(
fp−1
σ

Hα
h̃ij

)
∇lH dµ

= −(p− 1)

∫
Mt

fp−2
σ

Hα

〈
h̃ij,∇if∇jH

〉
dµ+ α

∫
Mt

fp−1
σ

Hα+1

〈
h̃ij,∇iH∇jH

〉
dµ

− n− 1

n

∫
Mt

fp−1
σ

Hα
|∇H|2 dµ−

∫
Mt

fp−1
σ

Hα
gjl∇lHR̄ s

0sj dµ. (101)
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Using (99),(100), and (101), we rearrange terms and derive from (98) the inequality

0 ≥ (p− 1)

∫
Mt

fp−2
σ |∇fσ|2 dµ

︸ ︷︷ ︸
[1]

+

∫
Mt

2

Hα
Zf p−1

σ dµ+ (αp− 2α + 2)

∫
Mt

fp−1
σ

H
〈∇fσ,∇H〉 dµ

︸ ︷︷ ︸
[2]

+ 2α

∫
Mt

fp−1
σ

Hα+1

〈
h̃ij,∇iH∇jH

〉
dµ

︸ ︷︷ ︸
[3]

− 2(n− 1)

n

∫
Mt

fp−1
σ

Hα
|∇H|2 dµ− α

∫
Mt

fp
σ

H2
|∇H|2 dµ

︸ ︷︷ ︸
[4]

− 2(p− 1)

∫
Mt

fp−2
σ

Hα

〈
h̃ij,∇if∇jH

〉
dµ

︸ ︷︷ ︸
[5]

− 2

∫
Mt

fp−1
σ

Hα
gjl∇lHR̄ s

0sj dµ

︸ ︷︷ ︸
[6]

−
∫
Mt

fp−1
σ

CH2 + C

Hα
dµ

︸ ︷︷ ︸
[7]

. (102)

Now from 0 < fσ ≤ H2−α and α ≤ 2 it follows that the absolute value of [4] may be
estimated from above by

4

∫
Mt

fp−1
σ

Hα
|∇H|2 dµ.

To estimate the terms involving h̃ij we utilise that |h̃ij|2 = |A|2 − H2/n = fσH
α ≤ H2.

From this we get by the Cauchy-Schwarz inequality that the absolute value of [3] is
bounded from above by

4

∫
Mt

fp−1
σ

Hα+1
|h̃ij|︸︷︷︸
≤H

|∇iH∇jH|︸ ︷︷ ︸
=|∇H|2

dµ ≤ 4

∫
Mt

fp−1
σ

Hα
|∇H|2 dµ.

Both term [2] and term [5] involve a product of ∇fσ and ∇H. Since we want to control
the amount by which each quantity contributes to the estimate to derive, Chauchy’s
inequality with η (53) is a good means. We use it to estimate the absolute value of term
[2] from above by

2(p− 1)

∫
Mt

fp−1
σ

H
|∇fσ||∇H| dµ ≤ (p− 1)

η ∫
Mt

fp−1
σ

Hα
|∇H|2 dµ+

1

η

∫
Mt

fp−2
σ |∇fσ|2 dµ

 .

(103)

Here we have used fσ ≤ H2−α and the choice a = fσ|∇H|/H and b = |∇fσ| in (53).

Finally, setting a = |h̃ij||∇H|/Hα and b = |∇fσ| in (53), we estimate the absolute value
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of term [5] from above by

2(p− 1)

∫
Mt

fp−2
σ

Hα
|h̃ij||∇fσ||∇H| dµ

≤ (p− 1)

η ∫
Mt

fp−2
σ

H2α
|h̃ij|2|∇H|2 dµ+

1

η

∫
Mt

fp−2
σ |∇fσ|2 dµ


= (p− 1)

η ∫
Mt

fp−1
σ

Hα
|∇H|2 dµ+

1

η

∫
Mt

fp−2
σ |∇fσ|2 dµ

 ,

where we have used |h̃ij|2 = fσH
α.

As to the two last terms [6] and [7], we evidently may estimate term [6] by

C

∫
Mt

fp−1
σ

Hα
|∇H| dµ,

with C = C(n,K1, K2) (see remark 5.8).

Since H ≥ Hmin(0) for all t ∈ [0, T [ we may replace Hα by (Hmin(0))
α in term [7] and

estimate it from above by
C

∫
Mt

H2fp−1
σ dµ.

Observe that this C also depends, in addition to K1, K2 and L, on Hmin(0).

Altogether we obtain by collecting terms and omitting the nonnegative term [1]∫
Mt

Z

Hα
fp−1
σ dµ

︸ ︷︷ ︸
[1]

≤ (η(p− 1) + 4)

∫
Mt

fp−1
σ

Hα
|∇H|2 dµ+

p− 1

η

∫
Mt

fp−2
σ |∇fσ|2 dµ

+ C

∫
Mt

fp−1
σ

Hα
|∇H| dµ

︸ ︷︷ ︸
[2]

+C

∫
Mt

H2fp−1
σ dµ

︸ ︷︷ ︸
[3]

, (104)

where C depends on n, K1, K2, and Hmin(0).

Step 3: It remains to estimate terms [1] to [3] of the above inequality. As to term [1], we
show that the relation

Z ≥ nε2H2+αfσ = nε2H2(|A|2 −H2/n)

holds everywhere on Mt for 0 ≤ t < T .

For this purpose we choose an orthonormal basis at p ∈ Mt, such that hij = diag(κ1, . . . , κn).
Since we have assumed that condition (35) be satisfied for 0 < ε < 1/n, we derive that
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hij ≥ εHgij on [0, T [. Then

Z =

(
n∑

i=1

κi

)(
n∑

j=1

κ3
j

)
−

(
n∑

i=1

κ2
i

)2

=
n∑

i<j

(κiκ
3
j + κjκ

3
i )−

n∑
i<j

2κ2
iκ

2
j

=
n∑

i<j

κiκj(κi − κj)
2 ≥ ε2H2

n∑
i<j

(κi − κj)
2 = nε2H2(|A|2 −H2/n).

Thus

nε2
∫
Mt

fp
σH

2 dµ ≤ (η(p− 1) + 4)

∫
Mt

fp−1
σ

Hα
|∇H|2 dµ+

p− 1

η

∫
Mt

fp−2
σ |∇fσ|2 dµ

+ C

∫
Mt

fp−1
σ

Hα
|∇H| dµ+ C

∫
Mt

H2fp−1
σ dµ.

Now consider terms [2] and [3] of (104). Obviously they can be absorbed by other occurring
terms if we slightly adjust the powers. We do this by means of Young’s inequality, which
is given by

xy ≤ ζxp + ζ−
q
pyp, for ζ > 0 and 1

p
+

1

q
= 1.

By means of this inequality we estimate

C

∫
Mt

fp−1
σ

Hα
|∇H| dµ ≤ Cζ

∫
Mt

fp−1
σ

Hα
|∇H|2 dµ+ Cζ−1

∫
Mt

fp−1
σ

Hα
dµ

≤ Cζ

∫
Mt

fp−1
σ

Hα
|∇H|2 dµ+ Cζ(Hmin(0))

−α

|M0|+
∫
Mt

fp
σ dµ


and

C

∫
Mt

H2fp−1
σ dµ ≤ Cζ

∫
Mt

H2fp
σ dµ+ Cζ−p

∫
Mt

H2 dµ.

Here we have used |Mt| ≤ |M0|. The assertion follows for appropriately small choices of
ζ. �
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